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Coherently coupled two-component Bose-Einstein condensates (BEC) exhibit vortex confinement
resembling quark confinement in Quantum Chromo Dynamics (QCD). Fractionally quantized vor-
tices winding only in one of two components are attached by solitons, and they cannot stably exist
alone. Possible stable states are “hadrons” either of mesonic type, i.e., molecules made of a vortex
and anti-vortex in the same component connected by a soliton, or of baryonic type, i.e., molecules
made of two vortices winding in two different components connected by a soliton. Mesonic molecules
move straight with a constant velocity while baryonic molecules rotate. We numerically simulate
collision dynamics of mesonic and baryonic molecules and find that the molecules swap a partner in
collisions in general like chemical and nuclear reactions, summarize all collisions as vortex reactions,
and describe those by Feynman diagrams. We find a selection rule for final states after collisions of
vortex molecules, analogous to that for collisions of hadrons in QCD.
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2I. INTRODUCTION
Ultracold atomic gases are experimentally controllable systems offering setups to simulate various problems in
physics [1–3]. For instance, Bose-Einstein condensates (BECs) of Bose gases are superfluids admitting quantized
vortices, i.e., vortices carrying quantized circulations [4] known as global strings in cosmology, and nucleation of
vortices and detecting real time dynamics of them were achieved experimentally recently [5]. Among various systems,
coherently coupled two-component BECs realized the JILA group [6, 7] are one of interesting systems even for high
energy physics; When two components are different hyperfine components of the same atom, one can introduce a Rabi
(Josephson) coupling between them. Then, they allow vortex molecules, fractionally quantized vortices confined by
solitons (linearly extended objects) [8], which are suggested to share several properties with confinement phenomena
of Quantum Chromo Dynamics (QCD), a theory of the strong interaction consisting of quarks and gluons. Such
fractional vortex molecules have been extensively studied theoretically [9–17] including sine-Gordon like solitons [18–
21]. Moreover such studies have been extended to three or more components [22–27] as well as spinor BECs [28]. As
similarities with QCD, dynamics of a single vortex molecule composed of two fractional vortices were studied [14, 16],
for which a vortex in the first component and that in the second component are confined by a sine-Gordon soliton. If
the two vortices are at the equilibrium distance, the molecule is static. On the other hand, if they are more separated
or pushed to a short distance, the molecule rotates clockwise or counterclockwise, respectively. If they are further
pulled to be more separated, the soliton connecting them is broken by creating another pair of fractional vortices, and
therefore fractional vortices never been liberated (unless the Rabi coupling is turned off). This situation resembles
the confinement of quarks in QCD; QCD vacuum is considered to be a dual superconductor [29–31], where chromo
electric fluxes are confined to color electric flux tubes due to magnetic monopole condensations. Then, quarks are
confined by color electric flux tubes with energy linearly dependent on the distance between them.
In Ref.[16], we have referred fractionally quantized vortices winding in the first and second components as a up-type
vortex (or u-vortex for short) and a down-type vortex (or d-vortex), respectively, borrowing the terminology of quarks
in QCD. Similarly, we have called an antivortex of the first (second) component u¯- (d¯-) vortex. In the presence of the
Rabi coupling, the elementally topological objects are composite defects of u-, d-vortices and the solitons connecting
them. There are two possibilities for the soliton to select the vortices in a pair on its two endpoints: either a vortex
and an antivortex in the same component such as u and u¯ (d and d¯), or vortices in different species such as u and d
(u¯ and d¯). We have called the former a mesonic vortex molecule and the latter a baryonic vortex molecule in analogy
with QCD; Let us regard quantized circulations nS as the baryon number in QCD, and the winding nR of the relative
phase between the two components as the color charge. Then, u and d vortices carrying fractional baryon number like
quarks carry a color charge and therefore cannot exist alone. On the other hand, mesonic molecules u¯u and d¯d not
carrying the baryon number like mesons and baryonic molecules ud carrying one baryon number both do not carry a
color charge (color singlets) and therefore can exist stably. See Table as a summary of possible states.
n1 n2 nS (baryon #) nR (color charge) 2nR
u 1 0 1/2 1/2 1
d 0 1 1/2 −1/2 −1
u¯ −1 0 −1/2 −1/2 −1
d¯ 0 −1 −1/2 1/2 1
u¯u 0 0 0 0 0
d¯d 0 0 0 0 0
u¯d −1 1 0 −1 −2
d¯u 1 −1 0 1 2
ud 1 1 1 0 0
u¯d¯ −1 −1 −1 0 0
TABLE I. Topological winding numbers n1, n2, nS and nR are shown.
In this paper, in order to pursue further similarities between BECs and QCD, we focus on a few body dynamics
of vortex molecules, more precisely their collisions, in contrast to previous works focussing on dynamics of either
single molecules [14–16] or many molecules describing vortex lattices [12] or Berezinskii-Kosterlitz-Thouless transition
[17]. Our numerical studies are twofolds: the meson-meson scattering and the meson-baryon scattering. First, we
investigate the meson-meson scattering of the same spices (u¯u-u¯u). Firstly, we simulate the head-on collisions (zero
impact parameter) by varying the incident angles. We show that the constituent vortices swap the partners in
collisions. The recombination can be understood as a collision of the SG and anti-SG solitons, and the swapping is
3nothing but the pair annihilation and creation of the confining SG solitons. The simulation with the initial relative
angle pi happens to show the right angle scattering of the two mesons, which is very common among relativistic
topological solitons. We then develop a useful description by using the Feynman diagrams. We also study the
meson-meson scatterings with non-zero impact parameters.
We then study the meson-meson scattering of the different spices (u¯u-d¯d). We find that in head-on collision with the
0 relative angle, the scattering of the two SG solitons occurs. For the head-on collisions with the smaller relative angles,
the incoming u and d mesons are converted to the intermediate baryon and anti-baryon pair during the collision. The
intermediate baryons rotate, and then they are reformed back into the mesons at the second recombination. Forming
the intermediate baryonic state results in the shift of the outgoing line from the ingoing one. We also study the
scatterings with non-zero impact parameters in this case too.
Next we study the meson-baryon scatterings (u¯u and ud) and find that the meson and baryon swap their constituent
u vortices, and the new meson goes out while the new baryon stays at slightly shifted point from the original baryon
point. For scattering of a longer meson to the baryon, the recombination takes place also in this case, so that a
longer and kink bend baryon is formed at first stage, and subsequently a long and bent molecule is unstable and soon
disintegrates into a set of shorter meson and baryon. As a result, the final state includes more molecules than the
initial configuration, resembling what happens in real Hadron collider experiments. We exaggeratedly call it a vortical
hadron jet in the VHC (vortical hadron collider) experiment.
We then further discuss a connection between BEC and QCD comparing the Polyakov’s dual photon model in 2+1
dimensions to the low energy effective theory based on two-component BECs. We also point out that the so-called
Okubo-Zweig-Iizuka (OZI) rule [32–34] rule in QCD, which is a phenomenological rule concerning with the final state
of the collision found in 1960s [35], seems to hold in vortex molecule collisions in BECs.
This paper is organized as follows. In Sec. II, we introduce our model and describe mesonic and baryonic vortex
molecules. In Secs. III and IV, we study the meson-meson scattering of the same spices (u¯u-u¯u) and of the different
spices (u¯u-d¯d), respectively. In Sec. V, we study the meson-baryon scatterings (u¯u and ud). In Sec. VI, we give
comments on a connection between BEC and QCD. Sec. VII is devoted to a summary and discussion.
II. HADRONIC VORTEX MOLECULES
Theoretically, dynamics of the condensates Ψi can be described by the coupled Gross–Pitaevskii (GP) equations[
i~
∂
∂t
+
~2
2m
∇2−(gi|Ψi|2+g12|Ψiˆ|2−µi)]Ψi=−~ωΨiˆ , (i = 1, 2) , (1)
where 1ˆ = 2, 2ˆ = 1, gij represents the atom–atom coupling constants, m is the mass of atom, and µi represents the
chemical potential. The first and second condensates Ψ1,2 are coherently coupled through the Rabi (Josephson) terms
with the Rabi frequency ω. Experimentally, such a coherent coupling was achieved by the JILA group [7]. In the
following, we assume
g1 = g2 ≡ g, µ1 = µ2 ≡ µ , (2)
for simplicity, and focus on a miscible BEC (g > g12) in which both condensates coexist with
|Ψ1| = |Ψ2| =
√
µ+ ~ω
g + g12
≡ v . (3)
If the Rabi interaction is turned off ω = 0, the system has two U(1) symmetries U(1)1 × U(2)2 defined by
U(1)1 : (Ψ1, Ψ2)→ (eiα1Ψ1,Ψ2) , U(1)2 : (Ψ1, Ψ2)→ (Ψ1, eiα2Ψ2) . (4)
These symmetries can also be expressed as
[U(1)S × U(1)R]/Z2 : (Ψ1,Ψ2)→ (eiαΨ1, e±iαΨ2) , (5)
where + is for U(1)S and − is for U(1)R, and Z2 represents simultaneous rotations of U(1)S and U(1)R with angles
α = pi for both of them, which has been introduced to remove a redundancy. When ω 6= 0, the relative U(1)R is
manifestly broken. Namely, the number of each atom is not preserved but the total number of the first and second
atoms is preserved.
In the following, we will numerically solve the GP equation (1). For that purpose it is convenient first to rewrite it
in terms of dimensionless variables
t˜ =
µ
~
t, x˜i =
~√
mµ
xi, ω˜ =
~
µ
ω, g˜12 =
g12
g
, Ψ˜i =
√
g
µ
Ψi. (6)
4r˜
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FIG. 1. The profile functions f˜ and g˜ of a u- or d-vortex for g˜12 = 0.5. The Rabi term is suppressed (ω˜ = 0).
Then, the GP equation can be rewritten as[
i
∂
∂t˜
+
1
2
∇˜2−
(
|Ψ˜i|2+g˜12|Ψ˜iˆ|2−1
)]
Ψ˜i=−ω˜Ψ˜iˆ , (i = 1, 2) . (7)
Thus, the essential parameters are only ω˜ and g˜12. In what follows, we will assume g˜12 6= 1.
When ω˜ = 0, both the U(1)1 × U(1)2 are spontaneously broken in the ground state. As a consequence, there are
two kinds of topologically stable vortices supported by topological winding number pi1(U(1)1 × U(1)2) = Z × Z. A
vortex associated with the first U(1)1 at the origin, which we will call the u-vortex, is given by
u-vortex : Ψ˜1 = f˜(r˜)e
iθ, Ψ˜2 = g˜(r˜), (8)
with r˜ =
√
x˜21 + x˜
2
2. Similarly, a vortex associated with the second U(1)2 at the origin, which we will call the d-vortex,
is given by
d-vortex : Ψ˜1 = g˜(r˜), Ψ˜2 = f˜(r˜)e
iθ. (9)
A u-vortex becomes an anti u-vortex (we will refer it to a u¯-vortex) by exchanging θ → −θ. Similarly, a d-vortex
and a d¯-vortex are replaced by θ → −θ. The profile functions f˜ and g˜ satisfy the following second order ordinary
differential equations [
1
2
(
∂2
∂r˜2
+
1
r˜
∂
∂r˜
− 1
r˜2
)
−
(
f˜2 + g˜12g˜
2 − 1
)]
f˜ = 0, (10)[
1
2
(
∂2
∂r˜2
+
1
r˜
∂
∂r˜
)
−
(
g˜2 + g˜12f˜
2 − 1
)]
g˜ = 0. (11)
The appropriate boundary conditions are
lim
r˜→0
f˜ = 0, lim
r˜→∞
f˜ = v˜, lim
r˜→0
∂g˜
∂r˜
= 0, lim
r˜→∞
g˜ = v˜0, (12)
where we have defined
v˜0 =
1√
1 + g˜12
. (13)
Fig. 1 shows a typical numerical solution of f˜ and g˜ for g˜12 = 0.5 as an example.
It is useful to introduce the pseudo-spin to distinguish u- and d-vortices;
S = −
~Ψ†σ~Ψ
~Ψ†~Ψ
, ~Ψ = (Ψ1, Ψ2) (14)
with the Pauli matrices σ. S is a real three-vector satisfying |S| = 1, and so it can be thought of as coordinates
of an internal S2 target space. The pseudo spin S is transformed as a triplet 3 under the SU(2) transformation
~Ψ → UΨ with U ∈ SU(2). Note that the SU(2) is only manifest symmetry of a part of the GP equations, namely
5the gradient terms of Eq. (1). The rest terms of Eq. (1) generally do not respect the SU(2) symmetry but the
subgroup U(1)R ⊂ SU(2). Only when g = g12 (g˜12 = 1) together with the condition (2) holds, the system symmetry
U(1)1 × U(1)2 is enhanced to [U(1)S × SU(2)]/Z2. Otherwise the SU(2) is only approximate symmetry of generic
GP equation (1). The u- and d-vortices have
(
Ψ˜1(0, 0), Ψ˜2(0, 0)
)
= (0, g˜(0)) and (g˜(0), 0) at their cores, so that their
the pseudo spins are S = (0, 0, 1) (up) and S = (0, 0,−1) (down), respectively. Fig. 2 shows the pseudo spins of the
u- and d-vortices.
u-vortex d-vortex
Sz
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FIG. 2. Vector plots of the pseudo spin S(x1, x2) for the u- and d-vortices (constructed from the solution given in Fig. 1) are
plotted on the x1-x2 plane (x˜1,2 ∈ [−5, 5]). The colors of arrows represent Sz. The Rabi frequency is set to be ω˜ = 0.
When ω˜ = 0, the vortex number can be measured by
ni =
1
2pi
∮
C
dθi =
1
2pi
∫ 2pi
0
dθi
dθ
dθ, (15)
where θi is the phase of Ψi (θi = arg Ψi), and C is a closed curve in the x
1-x2 plane.
When ω˜ 6= 0, neither u- nor d-vortex exists alone since U(1)R is manifestly broken. The winding numbers n1 and
n2 are no longer good topological numbers. The Rabi term effectively works as a sine-Gordon (SG) type potential
VRabi = −2~ωv2 cos(θ1 − θ2), (16)
where we have set ψi = ve
iθi . Due to this, the u-vortex given in Eq. (8) with (θ1, θ2) = (θ, 0) is inevitably attached
by a SG soliton at θ = pi. By the same reason, the d-vortex given in Eq. (9), u¯-vortex and d¯-vortex are also attached
by a SG or an anti SG soliton. Under the nonzero ω˜, it turns out that the followings are more useful than n1 and n2
nS =
1
2pi
∮
C
dθS =
1
2pi
∫ 2pi
0
1
2
(
dθ1
dθ
+
dθ2
dθ
)
dθ =
n1 + n2
2
, (17)
nR =
1
2pi
∮
C
dθR =
1
2pi
∫ 2pi
0
1
2
(
dθ1
dθ
− dθ2
dθ
)
dθ =
n1 − n2
2
, (18)
with θS = (θ1 + θ2) /2 and θR = (θ1 − θ2) /2. Here, nS and nR are topological invariants taking values in half integers
when ω˜ = 0. Once we turn on ω˜ 6= 0, nR is no longer a topological number. Though nR is not preserved, it has
another physical meaning: 2nR corresponds to the total SG soliton number across the curve C. For a single u-vortex,
we have 2nR = 1 for any C which encloses it. We summarize n1, n2, nS and nR in Table I. From this, we see that u-
and d¯-vortices are attached by a SG soliton while u¯- and d-vortex are attached by an anti SG soliton.
However, this is only a static picture. Since a semi-infinitely long soliton costs infinite energy, it is dynamically
unstable and disintegrate into shorter solitons. A finite soliton is terminated by two vortices, namely it forms a vortex
molecule with the SG soliton bounding two vortices. We can figure out all possible types of molecules by seeing nR.
Since a vortex molecule is finite configuration, the corresponding nR for a sufficiently large C enclosing it must be
zero. Therefore, there exist four kinds of molecules, u¯u, d¯d, ud, and u¯d¯. We plot the pseudo spins of u¯u and ud
molecules in Fig. 3.
This phenomenon resembles quark confinement in QCD. The quarks are elementary particles in nature, but they
are confined in the form of hadrons and we cannot take any quarks out from hadrons. Quarks in QCD resemble our
“elementary” u- and d-vortices in the 2 component BECs. One might envisage that the isospin of up and down quarks
is a natural counterpart of the pseudo spin. Furthermore, as is well known, a hadron consists of several quarks whose
6mesonic molecule u¯u
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baryonic molecule ud
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FIG. 3. Vector plots of the pseudo spin S(x1, x2) for the u¯u and ud are plotted on the x1-x2 plane. The plot region of the left
panel is x˜1 ∈ [−10, 10] and x˜2 ∈ [40, 60], and that for the right panel is x˜1 ∈ [−10, 10] and x˜2 ∈ [−10, 10]. The color map is the
same as the one in Fig. 2. The Rabi frequency is set to be ω˜ = 0.05.
total color charge is zero (singlet of SU(3) color group). Now, it is natural to relate the U(1)R winding number nR
of the “elementary” vortices (u,d,u¯,d¯) with the color charge of the quarks. Namely, a hadron in the two component
BECs is singlet by means of nR = 0. Moreover, we can also relate the U(1)S winding number nS of the elementary
vortices (u- and d-vortices have 1/2, and u¯- and d¯- have −1/2 winding number) with the baryon number of the quarks
(a quark has 1/3 and an anti quark has −1/3 baryon number). A hadron with the baryon number +1(−1) are called
a baryon (an anti-baryon), and that with no baryon number is called a meson in QCD. Borrowing the terminology
from QCD, we may refer a ud vortex molecule to a baryon since it has nS = 1, and the u¯d¯ vortex molecule to an
anti-baryon with nS = −1. Similarly, we call the u¯u molecule as a u meson while the d¯d molecule as a d meson
because they have nS = 0. Of course, though this analogy between the two component BECs and QCD is limited, it
is very useful. For example, there does not exist u¯d meson in the BEC system because its U(1)R winding number is
not zero, see Table I. We will give more discussions on a relation between QCD and BECs in Sec. VI.
Let us next mention the dynamics of the mesonic and baryonic vortex molecules. A meson goes straight with an
almost constant velocity toward the direction perpendicular to the molecule. This motion can be understood by a
Magnus force between the vortex and anti-vortex in the meson. For a longer meson the attractive force is dominated by
the SG soliton and therefore the moving speed is almost constant. On the other hand, the attractive force originated
by the inter-vortex force dominates for a shorter meson. Therefore, the shorter meson moves faster. However, these
observations are valid only for a meson with reasonable length. If the meson is too short, it soon decays. If the meson
is too long, it soon disintegrates [16]. We show a typical motion of a u meson in Fig. 4. We put a meson whose length
is about 10 in terms of the dimensionless coordinate x˜i. We put the meson at (x˜1, x˜2) = (0, 50) at t˜ = 0 (the pseudo
spin of the initial state is given in the left panel of Fig. 3). It moves down and passes the origin around t˜ = 100.
During the run, the soliton periodically bends forward and backward, and distance between u and u¯ periodically gets
shorter and longer.
On the other hand, a baryon moves very differently. It does not run but rotates with an almost constant angular
speed [14, 16]. When the baryon is longer, the motion is dominated by attractive force due to the soliton. On the
other hand, when the baryon is shorter, the soliton tension and the inter-vortex force compete. When g12 > 0, the
inter-vortex force is repulsive [36]. The shorter the baryon is, the stronger the inter-vortex force is. On the contrary,
when the baryon is too short, the soliton tension becomes negligible. Therefore, the rotating speed of the baryon
for g12 > 0 becomes gradually smaller and it vanishes at an equilibrium. For the baryon with g12 < 0, both the
inter-vortex interaction and soliton tension give attractive forces [36] so that there does not exist such an equilibrium.
Similarly to the meson, too long baryon soon disintegrates. However, the baryon never vanishes since the U(1)S
winding number is topological. Fig. 4 shows a typical rotating baryon. We put the baryon of the length about 8 in
the dimensionless unit at the origin at t˜ = 0 (the pseudo spin of the initial state is given in the right panel of Fig. 3).
It rotates clockwise and return to the original angle around t˜ = 90. As meson, it slightly vibrates during the rotation.
Baryons shorter than equilibrium distance rotate counterclockwise.
Before closing this section, let us mention significant difference between relativistic and non-relativistic dynamics
of vortices. Both straight moving of the mesonic molecule and rotation of the baryonic molecule are peculiar to non-
relativistic system. Due to these characteristic motions, molecules are quasi stable. On the contrary, in relativistic
systems two vortices separate (close on) when the inter vortex force is repulsive (attractive), so that no stable
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FIG. 4. The upper panel shows a motion of a u meson, and the lower panel shows a motion of a baryon. We choose g˜12 = 0.5 and
ω˜ = 0.05. The color corresponds to arg(Ψ1)−arg(Ψ2). The red corresponds to arg(Ψ1)−arg(Ψ2) = pi while the blue corresponds
to arg(Ψ1) − arg(Ψ2) = −pi. The upper panel (x˜1 ∈ [−15, 15], x˜2 ∈ [−20, 60]): We put u¯-vortex at (x˜1, x˜2) = (−5, 50) and
u-vortex at (x˜1, x˜2) = (5, 50) at t˜ = 0 in the left-most figure. The lower panel (x˜1 ∈ [−15, 15], x˜2 ∈ [−15, 15]): we put u-vortex
at (x˜1, x˜2) = (0, 4) and d-vortex at (x˜1, x˜2) = (0,−4) at t˜ = 0. To see motions of the molecules, we also show snapshots with
interval δt˜ = 10.
molecules in general exist. In what follows, we will make use of these non-relativistic property, and numerically
simulate scatterings of mesonic and baryonic molecules in two-component BECs as a vortical hadron collider.1
Here, one comment is in order. Vortex dynamics in two-component BEC in the absence of the Rabi interaction
was studied in Ref. [37, 38] in which case fractional vortices are liberated. Even in such a case, dynamics is quite
nontrivial but it is out of the scope of the present paper.
III. MESON-MESON SCATTERING: THE CASE OF u¯u-u¯u
A. u¯u-u¯u head-on collision
Let us begin with the most elementary process, namely head-on collision of two mesons of the same species. Since
we have concentrated on the symmetric model under replacement Ψ1 and Ψ2, we can choose the u mesons without
loss of generality. We prepare an initial configuration as follows. First, we create a configuration (Ψ
(1)
1 ,Ψ
(1)
2 ) for the
u meson (u¯1u1) corresponding to the one given in the left-most panel of the first row in Fig. 4. Similarly, we prepare
another configuration (Ψ
(2)
1 ,Ψ
(2)
2 ) for the u meson (u¯2u2) by rotating the u¯1u1 by 180 degree around the origin. Then,
we superpose these two configurations a` la the Abrikosov as
Ψ
(ini)
i =
1
v
Ψ
(1)
i Ψ
(2)
i , (i = 1, 2). (19)
In this way, we have the initial configuration which has two incoming mesons u¯1u1 at (x˜1, x˜2) = (0, 50) [precisely
speaking, we put a u vortex at (x˜1, x˜2) = (5, 50) and a u¯ vortex at (x˜1, x˜2) = (−5, 50)] and the u¯2u2 and (x˜1, x˜2) =
(0,−50) [we put a u vortex at (x˜1, x˜2) = (−5,−50) and a u¯ vortex at (x˜1, x˜2) = (5,−50)]. With the initial configuration
at hand, next we numerically integrate the Gross-Pitaevskii equations. The result is shown in Figs. 5 and 6.
Up to slightly before the moment of the collision (' 100), each meson goes straight toward the origin as if the other
meson does not exist. However, an interesting vortical reaction occurs during the collision. It is a recombination of
the SG solitons binding the constituent vortices u¯ and u. Before the collision u¯1u1 and u¯2u2 are well separated, and
the SG solitons bridge u¯1 and u1, and also u¯2 and u2, respectively. As can be seen in Fig. 6, u¯1 and u2 (u1 and u¯2)
collide head-on, so that two distances between u¯1 and u1, and u¯1 and u2 become comparable about the moment of
the collision. Then, the SG solitons reconnect different pair of u¯ and u from the initial pairs. The new SG solitons
1 The movies of our numerical simulations studied below are available as the Supplemental Material.
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FIG. 5. Two u mesons scattering : Color density plots of the relative phase arg(Ψ1) − arg(Ψ2). We initially (t˜ = 0) set the
same u meson (u¯1u1) at (x˜1, x˜2) = (0, 50) as the one given in the left-most panel of the upper line of Fig. 4, and the same u
meson (u¯2u2) but rotated by 180 degree at (x˜1, x˜2) = (0,−50). They straightly run with almost constant speed and collide
around the origin. During the collision, the sine-Gordon (SG) solitons partially reconnect and the recombination takes place.
As a consequence, the u mesons in the head-on collision scatter through a right angle. We show the snapshots from t˜ = 40 to
150 with an interval δt˜ = 10, and the plot region is x˜1,2 ∈ [−40, 40].
are vertical, so that the new outgoing mesons fly along the x1-axis. Namely, the u mesons in the head-on collision
scatter through a right angle as a consequence of the recombination. We may describe this process as follows
u¯1u1 + u¯2u2 → u¯1u2 + u¯2u1 . (20)
Note that the subscriptions (1 and 2) are introduced just for our convenience; The u1 and u2 vortices are the same
vortices, so they are indistinguishable. In analogy with chemical and nuclear reactions, we call processes concerning
vortex molecules such as Eq. (20) as “vortical reactions.”
Note also that the right angle scattering of two topological solitons are common in relativistic field theories. For
instance, magnetic monopoles, vortices and so on do so. However, the right angle scattering is usually observed in
the collisions of two solitons with the same topological charges. The right angle scattering here is very different since
mesons have zero topological charge and it occurs as a consequence of the recombination.
Let us observe the recombination phenomena more carefully. Fig. 7 shows snapshots in close-up at t˜ = 95, 97.5, 100, 102.5.
We should pay attention to the orientation of the SG solitons. Looking at the left-most panel at t˜ = 95 of Fig. 7 from
the top to the bottom along the x˜2-(vertical) axis, the color firstly changes from red to blue representing the upper
SG soliton, and then it changes back from blue to red representing the lower SG soliton. The deepest red region
corresponds to θ1 − θ2 = pi while the deepest bluish region corresponds to θ1 − θ2 = −pi. Thus, when we focus on the
SG solitons, the head-on collision of the two u mesons is nothing but a scattering of the SG and anti-SG solitons. As
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FIG. 6. A simplified plot of the u mesons scattering shown in Fig. 5. We put painted red disks (unpainted red circle) at the
points corresponding to the u (u¯) vortex centers. Gray regions bridging the u and u¯ vortices show the SG solitons. The gray
regions are those where the relative phases take the values within 3 ≤ | arg(Ψ1)−arg(Ψ2)| ≤ pi, which are numerically obtained
from Fig. 5. It is easier to figure out the vortex and anti vortex in this representation than Fig. 5.
can be seen in the panel at t˜ = 97.5 of Fig. 7, the SG soliton and anti-SG soliton greatly bend especially around their
centers due to an attractive force so that they collide before the u and u¯ vortices at the edges of the SG solitons do.
Then, their tips annihilate to each other, and they proceed to complete the recombination process, see transformation
from t˜ = 97.5 to t˜ = 100 shown in Fig. 7. The annihilation of the SG soliton and anti solitons can be clearly seen
in Fig. 8 where we plot the relative phase θ1 − θ2 on the x˜2-axis by the blue curve. The SG soliton corresponds to
the jump pi → −pi from left to right of the horizontal axis (the x˜2-axis) while the anti-SG soliton corresponds to the
opposite jump from −pi → pi. They collide and annihilate about t˜ = 100 ∼ 110. To be complete, let us also look at the
relative phase along the x˜1-axis. It is also plotted in Fig. 8 by the red broken curve. The horizontal axis corresponds
to the x˜1-axis for the red broken curves. Before the collision, no SG solitons exist along the x˜1-axis. However, as the
SG and anti SG solitons along the x˜2-axis annihilate, a new pair of the SG and anti-SG solitons on the x˜1-axis is
created. Hence, we find that the recombination phenomenon is taken over by the pair annihilation and creation of
the SG solitons.
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FIG. 7. Snapshots in close-up for x˜i ∈ [−15, 15] at t˜ = 95, 97.5, 100, 102.5 for the u meson scattering given in Figs. 5 and 6.
The horizontal SG soliton incoming from the top and the anti-soliton from the bottom gradually bend as they are close by, and
they partially annihilate at the tips and reconnect to form the vertical SG solitons.
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FIG. 8. The phase plots corresponding to the u meson collision in Fig. 5. The solid blue curves show the relative phase
arg(Ψ1)− arg(Ψ2) along the x˜2-axis of Fig. 5. The SG soliton coming from the right-hand side and the anti-SG soliton coming
from the left-hand side collide and annihilate. Similarly, the broken red curves show arg(Ψ1) − arg(Ψ2) along the x˜1-axis of
Fig. 5. The SG and anti-SG solitons are pairwisely created around the moment of collision.
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B. u¯u-u¯u scattering at pi/8 angle
Let us next study u meson scattering similar to that in Sec. III A, but in this time the upper and lower mesons are
rotated by −pi/8 and pi/8 from those in Fig. 5. One can see how the scattering is going on in Figs. 9 and 10. Indeed,
recombination
um-um
FIG. 9. Two slightly tilted u mesons scattering : Color density plots of the relative phase arg(Ψ1)−arg(Ψ2). We initially (t˜ = 0)
set the u meson (u¯1u1) at (x˜1, x˜2) = (50 sinpi/8, 50 cospi/8), and the other u meson (u¯2u2) at (x˜1, x˜2) = (50 sinpi/8,−50 cospi/8).
We only show the snapshots from t˜ = 40 to 150 with interval δt˜ = 10, and the plot region is x˜1,2 ∈ [−40, 40].
it goes qualitatively in the same way as the previous case. The mesons go straight with almost constant speed until
they are close by, then a recombination takes place during the collision. Due to the tilts of incoming mesons, newly
formed mesons are in different sizes and scatter off toward the left and right directions as the previous case. The
asymmetry can also be seen in the speeds of the out-going mesons. The meson u¯1u2 moves faster than the meson
u¯2u1 as shown in Fig. 10. This is because the former is shorter than the latter. Fig. 11 shows snap shots in close-up
at t˜ = 92.5, 95, 97.5, 100, in which we again observe that a partial annihilation of the SG and anti-SG solitons leads to
the recombination. Compared to the previous case, bend of the SG solitons are milder, because the bending points
are not the center and are shifted towards the edges u1 and u¯2.
12
u1u1
u2u2
u1u1
u2u2
recombination
FIG. 10. A simplified plot of the u mesons scattering shown in Fig. 9. For details, see the caption of Fig. 6.
recombination
FIG. 11. Snapshots in close-up for x˜i ∈ [−15, 15] at t˜ = 92.5, 95, 97.5, 100 for the u meson scattering given in Figs. 9 and 10.
The points where the incoming SG solitons steeply bend are not the centers. The incoming SG solitons partially annihilate
around the steepest bending point and reconnect to form vertical SG solitons.
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C. u¯u-u¯u scattering at pi/4 angle
Let us attempt to simulate one more u meson scattering experiment by rotating further the incoming mesons by
pi/4. As expected, the motion of the mesons before the collision is almost unchanged from the previous two cases,
see Fig. 12. On the contrary, the states after the collision are distinctive. Firstly, we only observe one meson u¯1u2
after the collision. Looking at the moment of the collision in more details, the very short u¯2u1 is created but it
is soon annihilated, see Fig. 13. This occurs because the relative angle of the incoming mesons is too large. If we
further rotate the initial mesons, there is no enough period for the SG solitons to bend to be annihilated. Then, the
constituent vortices, u1 and u¯2, are annihilated and the two SG solitons join to form a long u¯1u2 meson.
d
d
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FIG. 12. Two tilted u meson scattering with pi/4 angle: We initially (t˜ = 0) set one u meson (u¯1u1) at (x˜1, x˜2) =
(50 sinpi/4, 50 cospi/4), and the other u meson (u¯2u2) at (x˜1, x˜2) = (50 sinpi/4,−50 cospi/4). We only show the snapshots
from t˜ = 10 to 200 with interval δt˜ = 10, and the plot region is x˜1,2 ∈ [−40, 40].
After the collision, the long meson u¯1u2 runs toward the left but such a long meson is unstable. As can be seen in
Fig. 13, it soon breaks up into two pieces, the baryon (u2d) and the anti-baryon (u¯1d¯), by creating d and d¯ vortices
at the center of the long SG soliton. It is notable that this process is peculiar to the 2 component BECs and it never
happens in scalar BEC systems. The baryon u2d spins clockwise whereas the anti-baryon spins counterclockwise, see
the panels with t˜ = 120 ∼ 180 of Fig. 12. At the same time, the pair of baryon and anti-baryon behave as a pair of an
integer vortex and an anti-integer vortex. Thus, the baryon and anti-baryon move parallel toward the left direction.
After a while, the baryon and anti-baryon join to form a meson d¯d with u¯1 and u2 being annihilated.
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FIG. 13. Snapshots in close-up for x˜i ∈ [−15, 15] at t˜ = 90, 92.5, 95, 97.5, 100, 102.5, 105, 107.5 for the u meson scattering given
in Figs. 12. The recombination, the pair annihilation of u¯u, and the pair creation of d¯d occurs in order.
Thus the corresponding reaction process can be summarized as
u¯1u1 + u¯2u2 → u¯1u2 → u2d + u¯1d¯ → d¯d. (21)
Note that the baryon number is preserved to be 0 throughout the reaction.
D. Interaction vertices and Feynman diagrams
Let us summarize the two u meson head-on scattering given above. We found that the scattering sensitively depends
on the collision angle which is direct evidence for a meson to have a substructure. We have shown the three examples
the head-on collisions with the relative angle pi in Fig. 6, 3pi/4 in Fig. 10, and pi/2 in Fig. 12. An overview of the
scatterings is shown in Fig. 14.
(a)
<latexit sh a1_base64="0Ab+a/Jv3RV XKOg08eyQ+iwrpvA=">AAA CbHichVHLSgMxFD0d3/XR +lgIRSgWRTclIwXFleDGpW 1tVVRkZowaOi9m0kId/AG3 LlyoCwUR8TPc+AMu+gkiuF Fw48Lb6YCoqDckOTm55+Y k0V1T+JKxRkxpa+/o7Orui ff29Q8kkoNDZd+pegYvGY7 peGu65nNT2LwkhTT5mutx zdJNvqpXFpv7qzXu+cKxV2 Td5VuWtmeLXWFokqj1YNOz 0lPa9OF2MsOyLIz0T6BGII Molp3kNTaxAwcGqrDAYUM SNqHBp7YBFQwucVsIiPMIi XCf4xBx0lYpi1OGRmyFxj1 abUSsTetmTT9UG3SKSd0j ZRoT7IHdsBd2z27ZI3v/tV YQ1mh6qdOst7Tc3U4cjRbf /lVZNEvsf6r+9Cyxi7nQq yDvbsg0b2G09LWDk5fifGE imGSX7In8X7AGu6Mb2LVX4 yrPC6eI0weo35/7JyjPZFX C+VxmIRd9RTdSGMcUvfcs FrCEZZToXAvHOMN57FkZUV LKWCtViUWaYXwJZfIDRMWM xw==</latexit><latexit sh a1_base64="0Ab+a/Jv3RV XKOg08eyQ+iwrpvA=">AAA CbHichVHLSgMxFD0d3/XR +lgIRSgWRTclIwXFleDGpW 1tVVRkZowaOi9m0kId/AG3 LlyoCwUR8TPc+AMu+gkiuF Fw48Lb6YCoqDckOTm55+Y k0V1T+JKxRkxpa+/o7Orui ff29Q8kkoNDZd+pegYvGY7 peGu65nNT2LwkhTT5mutx zdJNvqpXFpv7qzXu+cKxV2 Td5VuWtmeLXWFokqj1YNOz 0lPa9OF2MsOyLIz0T6BGII Molp3kNTaxAwcGqrDAYUM SNqHBp7YBFQwucVsIiPMIi XCf4xBx0lYpi1OGRmyFxj1 abUSsTetmTT9UG3SKSd0j ZRoT7IHdsBd2z27ZI3v/tV YQ1mh6qdOst7Tc3U4cjRbf /lVZNEvsf6r+9Cyxi7nQq yDvbsg0b2G09LWDk5fifGE imGSX7In8X7AGu6Mb2LVX4 yrPC6eI0weo35/7JyjPZFX C+VxmIRd9RTdSGMcUvfcs FrCEZZToXAvHOMN57FkZUV LKWCtViUWaYXwJZfIDRMWM xw==</latexit><latexit sh a1_base64="0Ab+a/Jv3RV XKOg08eyQ+iwrpvA=">AAA CbHichVHLSgMxFD0d3/XR +lgIRSgWRTclIwXFleDGpW 1tVVRkZowaOi9m0kId/AG3 LlyoCwUR8TPc+AMu+gkiuF Fw48Lb6YCoqDckOTm55+Y k0V1T+JKxRkxpa+/o7Orui ff29Q8kkoNDZd+pegYvGY7 peGu65nNT2LwkhTT5mutx zdJNvqpXFpv7qzXu+cKxV2 Td5VuWtmeLXWFokqj1YNOz 0lPa9OF2MsOyLIz0T6BGII Molp3kNTaxAwcGqrDAYUM SNqHBp7YBFQwucVsIiPMIi XCf4xBx0lYpi1OGRmyFxj1 abUSsTetmTT9UG3SKSd0j ZRoT7IHdsBd2z27ZI3v/tV YQ1mh6qdOst7Tc3U4cjRbf /lVZNEvsf6r+9Cyxi7nQq yDvbsg0b2G09LWDk5fifGE imGSX7In8X7AGu6Mb2LVX4 yrPC6eI0weo35/7JyjPZFX C+VxmIRd9RTdSGMcUvfcs FrCEZZToXAvHOMN57FkZUV LKWCtViUWaYXwJZfIDRMWM xw==</latexit><latexit sh a1_base64="0Ab+a/Jv3RV XKOg08eyQ+iwrpvA=">AAA CbHichVHLSgMxFD0d3/XR +lgIRSgWRTclIwXFleDGpW 1tVVRkZowaOi9m0kId/AG3 LlyoCwUR8TPc+AMu+gkiuF Fw48Lb6YCoqDckOTm55+Y k0V1T+JKxRkxpa+/o7Orui ff29Q8kkoNDZd+pegYvGY7 peGu65nNT2LwkhTT5mutx zdJNvqpXFpv7qzXu+cKxV2 Td5VuWtmeLXWFokqj1YNOz 0lPa9OF2MsOyLIz0T6BGII Molp3kNTaxAwcGqrDAYUM SNqHBp7YBFQwucVsIiPMIi XCf4xBx0lYpi1OGRmyFxj1 abUSsTetmTT9UG3SKSd0j ZRoT7IHdsBd2z27ZI3v/tV YQ1mh6qdOst7Tc3U4cjRbf /lVZNEvsf6r+9Cyxi7nQq yDvbsg0b2G09LWDk5fifGE imGSX7In8X7AGu6Mb2LVX4 yrPC6eI0weo35/7JyjPZFX C+VxmIRd9RTdSGMcUvfcs FrCEZZToXAvHOMN57FkZUV LKWCtViUWaYXwJZfIDRMWM xw==</latexit>
(b)
<latexit sha1_base64=" HZWMNs6EqvQIkKjWMiMq1SDug20=">AAACbHichVG7Sg NBFD1ZXzE+Eh+FEIRgSNAmzEpAsQrYWOZhEkVFdtdRl +yL3U0gLvkBWwsLtVAQET/Dxh+wyCeIYBPBxsKbzYKo qHeYmTNn7rlzZka2NNVxGWuHhL7+gcGh8HBkZHRsPBqb mKw4Zt1WeFkxNdPekCWHa6rBy67qanzDsrmkyxqvyrX V7n61wW1HNY11t2nxHV06MNR9VZFcoja9bVtPzMsLrd1 YkmWYH4mfQAxAEkHkzdgNtrEHEwrq0MFhwCWsQYJDbQ siGCziduARZxNS/X2OFiKkrVMWpwyJ2BqNB7TaCliD1 t2ajq9W6BSNuk3KBFLskd2yDntgd+yJvf9ay/NrdL00a ZZ7Wm7tRo9nSm//qnSaXRx+qv707GIfy75XlbxbPtO9 hdLTN45OO6WVYspLsyv2TP4vWZvd0w2MxqtyXeDFM0To A8Tvz/0TVBYzIuFCNpnLBl8RRhxzmKf3XkIOa8ijTOf qOME5LkIvwrQQF2Z7qUIo0EzhSwjpD0bHjMg=</latex it><latexit sha1_base64=" HZWMNs6EqvQIkKjWMiMq1SDug20=">AAACbHichVG7Sg NBFD1ZXzE+Eh+FEIRgSNAmzEpAsQrYWOZhEkVFdtdRl +yL3U0gLvkBWwsLtVAQET/Dxh+wyCeIYBPBxsKbzYKo qHeYmTNn7rlzZka2NNVxGWuHhL7+gcGh8HBkZHRsPBqb mKw4Zt1WeFkxNdPekCWHa6rBy67qanzDsrmkyxqvyrX V7n61wW1HNY11t2nxHV06MNR9VZFcoja9bVtPzMsLrd1 YkmWYH4mfQAxAEkHkzdgNtrEHEwrq0MFhwCWsQYJDbQ siGCziduARZxNS/X2OFiKkrVMWpwyJ2BqNB7TaCliD1 t2ajq9W6BSNuk3KBFLskd2yDntgd+yJvf9ay/NrdL00a ZZ7Wm7tRo9nSm//qnSaXRx+qv707GIfy75XlbxbPtO9 hdLTN45OO6WVYspLsyv2TP4vWZvd0w2MxqtyXeDFM0To A8Tvz/0TVBYzIuFCNpnLBl8RRhxzmKf3XkIOa8ijTOf qOME5LkIvwrQQF2Z7qUIo0EzhSwjpD0bHjMg=</latex it><latexit sha1_base64=" HZWMNs6EqvQIkKjWMiMq1SDug20=">AAACbHichVG7Sg NBFD1ZXzE+Eh+FEIRgSNAmzEpAsQrYWOZhEkVFdtdRl +yL3U0gLvkBWwsLtVAQET/Dxh+wyCeIYBPBxsKbzYKo qHeYmTNn7rlzZka2NNVxGWuHhL7+gcGh8HBkZHRsPBqb mKw4Zt1WeFkxNdPekCWHa6rBy67qanzDsrmkyxqvyrX V7n61wW1HNY11t2nxHV06MNR9VZFcoja9bVtPzMsLrd1 YkmWYH4mfQAxAEkHkzdgNtrEHEwrq0MFhwCWsQYJDbQ siGCziduARZxNS/X2OFiKkrVMWpwyJ2BqNB7TaCliD1 t2ajq9W6BSNuk3KBFLskd2yDntgd+yJvf9ay/NrdL00a ZZ7Wm7tRo9nSm//qnSaXRx+qv707GIfy75XlbxbPtO9 hdLTN45OO6WVYspLsyv2TP4vWZvd0w2MxqtyXeDFM0To A8Tvz/0TVBYzIuFCNpnLBl8RRhxzmKf3XkIOa8ijTOf qOME5LkIvwrQQF2Z7qUIo0EzhSwjpD0bHjMg=</latex it><latexit sha1_base64=" HZWMNs6EqvQIkKjWMiMq1SDug20=">AAACbHichVG7Sg NBFD1ZXzE+Eh+FEIRgSNAmzEpAsQrYWOZhEkVFdtdRl +yL3U0gLvkBWwsLtVAQET/Dxh+wyCeIYBPBxsKbzYKo qHeYmTNn7rlzZka2NNVxGWuHhL7+gcGh8HBkZHRsPBqb mKw4Zt1WeFkxNdPekCWHa6rBy67qanzDsrmkyxqvyrX V7n61wW1HNY11t2nxHV06MNR9VZFcoja9bVtPzMsLrd1 YkmWYH4mfQAxAEkHkzdgNtrEHEwrq0MFhwCWsQYJDbQ siGCziduARZxNS/X2OFiKkrVMWpwyJ2BqNB7TaCliD1 t2ajq9W6BSNuk3KBFLskd2yDntgd+yJvf9ay/NrdL00a ZZ7Wm7tRo9nSm//qnSaXRx+qv707GIfy75XlbxbPtO9 hdLTN45OO6WVYspLsyv2TP4vWZvd0w2MxqtyXeDFM0To A8Tvz/0TVBYzIuFCNpnLBl8RRhxzmKf3XkIOa8ijTOf qOME5LkIvwrQQF2Z7qUIo0EzhSwjpD0bHjMg=</latex it>
(c)
<latexit sha1_base64="MgqcPWb65suQ/PENQvBIat Immx0=">AAACbHichVHLSgMxFD0d3/XR+lgIRSgWRTclIwXFleDGpW1tVVRkZowaOi9m0kId/AG3LlyoCwUR8TP c+AMu+gkiuFFw48Lb6YCoqDckOTm55+Yk0V1T+JKxRkxpa+/o7Oruiff29Q8kkoNDZd+pegYvGY7peGu65nNT2L wkhTT5mutxzdJNvqpXFpv7qzXu+cKxV2Td5VuWtmeLXWFokqj1YNOz0lPG9OF2MsOyLIz0T6BGIIMolp3kNTax AwcGqrDAYUMSNqHBp7YBFQwucVsIiPMIiXCf4xBx0lYpi1OGRmyFxj1abUSsTetmTT9UG3SKSd0jZRoT7IHdsBd 2z27ZI3v/tVYQ1mh6qdOst7Tc3U4cjRbf/lVZNEvsf6r+9Cyxi7nQqyDvbsg0b2G09LWDk5fifGEimGSX7In8X7 AGu6Mb2LVX4yrPC6eI0weo35/7JyjPZFXC+VxmIRd9RTdSGMcUvfcsFrCEZZToXAvHOMN57FkZUVLKWCtViUWaY XwJZfIDSMmMyQ==</latexit><latexit sha1_base64="MgqcPWb65suQ/PENQvBIat Immx0=">AAACbHichVHLSgMxFD0d3/XR+lgIRSgWRTclIwXFleDGpW1tVVRkZowaOi9m0kId/AG3LlyoCwUR8TP c+AMu+gkiuFFw48Lb6YCoqDckOTm55+Yk0V1T+JKxRkxpa+/o7Oruiff29Q8kkoNDZd+pegYvGY7peGu65nNT2L wkhTT5mutxzdJNvqpXFpv7qzXu+cKxV2Td5VuWtmeLXWFokqj1YNOz0lPG9OF2MsOyLIz0T6BGIIMolp3kNTax AwcGqrDAYUMSNqHBp7YBFQwucVsIiPMIiXCf4xBx0lYpi1OGRmyFxj1abUSsTetmTT9UG3SKSd0jZRoT7IHdsBd 2z27ZI3v/tVYQ1mh6qdOst7Tc3U4cjRbf/lVZNEvsf6r+9Cyxi7nQqyDvbsg0b2G09LWDk5fifGEimGSX7In8X7 AGu6Mb2LVX4yrPC6eI0weo35/7JyjPZFXC+VxmIRd9RTdSGMcUvfcsFrCEZZToXAvHOMN57FkZUVLKWCtViUWaY XwJZfIDSMmMyQ==</latexit><latexit sha1_base64="MgqcPWb65suQ/PENQvBIat Immx0=">AAACbHichVHLSgMxFD0d3/XR+lgIRSgWRTclIwXFleDGpW1tVVRkZowaOi9m0kId/AG3LlyoCwUR8TP c+AMu+gkiuFFw48Lb6YCoqDckOTm55+Yk0V1T+JKxRkxpa+/o7Oruiff29Q8kkoNDZd+pegYvGY7peGu65nNT2L wkhTT5mutxzdJNvqpXFpv7qzXu+cKxV2Td5VuWtmeLXWFokqj1YNOz0lPG9OF2MsOyLIz0T6BGIIMolp3kNTax AwcGqrDAYUMSNqHBp7YBFQwucVsIiPMIiXCf4xBx0lYpi1OGRmyFxj1abUSsTetmTT9UG3SKSd0jZRoT7IHdsBd 2z27ZI3v/tVYQ1mh6qdOst7Tc3U4cjRbf/lVZNEvsf6r+9Cyxi7nQqyDvbsg0b2G09LWDk5fifGEimGSX7In8X7 AGu6Mb2LVX4yrPC6eI0weo35/7JyjPZFXC+VxmIRd9RTdSGMcUvfcsFrCEZZToXAvHOMN57FkZUVLKWCtViUWaY XwJZfIDSMmMyQ==</latexit><latexit sha1_base64="MgqcPWb65suQ/PENQvBIat Immx0=">AAACbHichVHLSgMxFD0d3/XR+lgIRSgWRTclIwXFleDGpW1tVVRkZowaOi9m0kId/AG3LlyoCwUR8TP c+AMu+gkiuFFw48Lb6YCoqDckOTm55+Yk0V1T+JKxRkxpa+/o7Oruiff29Q8kkoNDZd+pegYvGY7peGu65nNT2L wkhTT5mutxzdJNvqpXFpv7qzXu+cKxV2Td5VuWtmeLXWFokqj1YNOz0lPG9OF2MsOyLIz0T6BGIIMolp3kNTax AwcGqrDAYUMSNqHBp7YBFQwucVsIiPMIiXCf4xBx0lYpi1OGRmyFxj1abUSsTetmTT9UG3SKSd0jZRoT7IHdsBd 2z27ZI3v/tVYQ1mh6qdOst7Tc3U4cjRbf/lVZNEvsf6r+9Cyxi7nQqyDvbsg0b2G09LWDk5fifGEimGSX7In8X7 AGu6Mb2LVX4yrPC6eI0weo35/7JyjPZFXC+VxmIRd9RTdSGMcUvfcsFrCEZZToXAvHOMN57FkZUVLKWCtViUWaY XwJZfIDSMmMyQ==</latexit>
FIG. 14. Summary on u meson and u meson collider experiments: (a) corresponds to Fig. 6, (b) to Fig. 10, and (c) to Fig. 12.
Here, we describe these results by a particle physics point of view. We first deal with the first process given in (a)
of Fig. 14 whose vortical reaction is given in Eq. (20). The two incoming u mesons scatter into the two outgoing u
mesons. We interpret this process as an elementary interaction among mesons. Namely, this yields a meson-meson-
meson-meson vertex. In order to emphasize this view point, let us give a 3D spacetime (2 spatial and 1 temporal)
diagram given in the left figure of Fig. 15. It corresponds to the scattering experiment of (a) of Fig. 14, consisting of
the world lines of the constituent vortices together with the world sheet of the SG solitons. The 3D diagram can be
further simplified as the right figure of Fig. 15. It is a 2D diagram and resembling the so-called twig diagram (a sort
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of Feynman diagram which includes only quark lines) known in QCD [33]. Resembling standard Feynman diagrams
in quantum field theories, an anti-vortex is represented by a line with an arrow opposite to the time evolution. Thus,
we find a four meson vertex as an elemental interaction among mesons.
The second process corresponding (b) of Fig. 14 is essentially same as (a). So the scattering (b) is also described
by the same 4 meson vertex in Fig. 15.
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FIG. 15. Meson-meson-meson-meson vertex: The left panel is a 3D diagram describes (a) of Fig. 14. The right panel is a
Feynman diagram which is a simplified 2D expression of the left one.
Next, let us make a diagram for the third process (c) of Fig. 14. This scattering is more complicated. Indeed,
the corresponding reaction formula given in Eq. (21) consists of three proceeding steps. The Feynman diagram for
this scattering is given in Fig. 16 including a loop and three different 3-vertices. The left most vertex of Fig. 16 is a
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FIG. 16. The 1 loop diagram for u¯u + u¯u→ d¯d corresponding to (c) of Fig. 14.
meson-meson-meson where all mesons are the u type, as shown as (a) of Fig. 17. The middle and right most vertices
are meson-baryon-baryon vertices, summarized as (b) and (c) of Fig. 17.
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FIG. 17. The three 3-vertices included in the 1 loop diagram in Fig. 16. The time direction is from left to right.
Once we get these elementary vertices, it is easy for us to expect what kind of scatterings are possible without
performing numerical simulations. Therefore, next our task is to track down all possible vertices. To this end,
symmetry is helpful. Our system has the symmetry F : Ψ1 ↔ Ψ2 due to the special choice of the parameters
given in Eq. (2). This ensures the “flavor” symmetry among the vortices as F : (Xu(t), Yu(t)) ↔ (Xd(t), Yd(t)),
where (Xu,d(t), Yu,d(t)) stands for the position of a u or d vortex at time t. Furthermore, the GP equations are
16
invariant under the time reversal symmetry T : Ψi(x1, x2, t) ↔ Ψ∗i (x1, x2,−t), and the parity transformation P :
Ψi(x1, x2, t) ↔ Ψi(x1,−x2, t). Note that the parity transformation in even spatial dimensions is identical to a
reflection symmetry on an axis. With respect to the vortices, the former transforms a u vortex to a u¯ vortex as
T : (Xu(t), Yu(t)) ↔ (Xu¯(−t), Yu¯(−t)). The same holds for d and d¯ vortices. Similarly, the latter also transforms
a u vortex to u¯ since it exchanges θ = arg (x1 + ix2) ↔ −θ = arg (x1 − ix2). Hence, the parity transformation is
P : (Xu(t), Yu(t))↔ (Xu¯(t),−Yu¯(t)), and similar for d and d¯ vortices. By using the F , T , and P transformations, we
can exhaust all possible diagrams as summarized in Fig. 18. For example, the diagrams labelled by (mmmm1) and
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<latexit sha1_base64="0 cnL/ppelZrQ7lTHKyKh/+8LlzU=">AAACcHichVHLSgMxF D0d3/VVdSO4sFoUdVEyIiiuCm5camu10BaZGaMG5+VMWt DBH/AHunCjgoj4GW78ARf9BHFnBTcuvJ0OiBb1hiQnJ/f cnCS6awpfMlaPKR2dXd09vX3x/oHBoeHEyOi271Q8g+cNx 3S8gq753BQ2z0shTV5wPa5Zusl39KO15v5OlXu+cOwtee LysqUd2GJfGJokqhyUPCs5Z1Eszp/tJlIszcJItgM1Ail EseEkblHCHhwYqMAChw1J2IQGn1oRKhhc4soIiPMIiXCf4 wxx0lYoi1OGRuwRjQe0KkasTetmTT9UG3SKSd0jZRIz7I ndsQZ7ZPfsmX38WisIazS9nNCst7Tc3R0+H8+9/6uyaJY4 /FL96VliHyuhV0He3ZBp3sJo6auntUZuNTsTzLJr9kL+r 1idPdAN7OqbcbPJsxeI0weoP5+7HWwvplXCm0upTDr6il 5MYBpz9N7LyGAdG8jTuceo4RJXsVdlXJlUplqpSizSjOFb KAuf8jSObg==</latexit><latexit sha1_base64="0 cnL/ppelZrQ7lTHKyKh/+8LlzU=">AAACcHichVHLSgMxF D0d3/VVdSO4sFoUdVEyIiiuCm5camu10BaZGaMG5+VMWt DBH/AHunCjgoj4GW78ARf9BHFnBTcuvJ0OiBb1hiQnJ/f cnCS6awpfMlaPKR2dXd09vX3x/oHBoeHEyOi271Q8g+cNx 3S8gq753BQ2z0shTV5wPa5Zusl39KO15v5OlXu+cOwtee LysqUd2GJfGJokqhyUPCs5Z1Eszp/tJlIszcJItgM1Ail EseEkblHCHhwYqMAChw1J2IQGn1oRKhhc4soIiPMIiXCf4 wxx0lYoi1OGRuwRjQe0KkasTetmTT9UG3SKSd0jZRIz7I ndsQZ7ZPfsmX38WisIazS9nNCst7Tc3R0+H8+9/6uyaJY4 /FL96VliHyuhV0He3ZBp3sJo6auntUZuNTsTzLJr9kL+r 1idPdAN7OqbcbPJsxeI0weoP5+7HWwvplXCm0upTDr6il 5MYBpz9N7LyGAdG8jTuceo4RJXsVdlXJlUplqpSizSjOFb KAuf8jSObg==</latexit><latexit sha1_base64="0 cnL/ppelZrQ7lTHKyKh/+8LlzU=">AAACcHichVHLSgMxF D0d3/VVdSO4sFoUdVEyIiiuCm5camu10BaZGaMG5+VMWt DBH/AHunCjgoj4GW78ARf9BHFnBTcuvJ0OiBb1hiQnJ/f cnCS6awpfMlaPKR2dXd09vX3x/oHBoeHEyOi271Q8g+cNx 3S8gq753BQ2z0shTV5wPa5Zusl39KO15v5OlXu+cOwtee LysqUd2GJfGJokqhyUPCs5Z1Eszp/tJlIszcJItgM1Ail EseEkblHCHhwYqMAChw1J2IQGn1oRKhhc4soIiPMIiXCf4 wxx0lYoi1OGRuwRjQe0KkasTetmTT9UG3SKSd0jZRIz7I ndsQZ7ZPfsmX38WisIazS9nNCst7Tc3R0+H8+9/6uyaJY4 /FL96VliHyuhV0He3ZBp3sJo6auntUZuNTsTzLJr9kL+r 1idPdAN7OqbcbPJsxeI0weoP5+7HWwvplXCm0upTDr6il 5MYBpz9N7LyGAdG8jTuceo4RJXsVdlXJlUplqpSizSjOFb KAuf8jSObg==</latexit><latexit sha1_base64="0 cnL/ppelZrQ7lTHKyKh/+8LlzU=">AAACcHichVHLSgMxF D0d3/VVdSO4sFoUdVEyIiiuCm5camu10BaZGaMG5+VMWt DBH/AHunCjgoj4GW78ARf9BHFnBTcuvJ0OiBb1hiQnJ/f cnCS6awpfMlaPKR2dXd09vX3x/oHBoeHEyOi271Q8g+cNx 3S8gq753BQ2z0shTV5wPa5Zusl39KO15v5OlXu+cOwtee LysqUd2GJfGJokqhyUPCs5Z1Eszp/tJlIszcJItgM1Ail EseEkblHCHhwYqMAChw1J2IQGn1oRKhhc4soIiPMIiXCf4 wxx0lYoi1OGRuwRjQe0KkasTetmTT9UG3SKSd0jZRIz7I ndsQZ7ZPfsmX38WisIazS9nNCst7Tc3R0+H8+9/6uyaJY4 /FL96VliHyuhV0He3ZBp3sJo6auntUZuNTsTzLJr9kL+r 1idPdAN7OqbcbPJsxeI0weoP5+7HWwvplXCm0upTDr6il 5MYBpz9N7LyGAdG8jTuceo4RJXsVdlXJlUplqpSizSjOFb KAuf8jSObg==</latexit>
(mmm1)
<latexit sha 1_base64="0SI+HUq3Pmy84 /BeiQfT1CtFqLQ=">AAACb 3ichVHLSgMxFD0d3/XRqgsF QYpFsZuSEUFxJbhx2Yetgi1 lZow1dDIzzEwLWvwBP0AXL nyAiPgZbvwBF/0EcSUKblx4 Ox0QFfWGJCcn99ycJLpjCs9 nrBVRurp7evv6B6KDQ8Mjs fjoWNGz667BC4Zt2u6Wrnnc FBYv+MI3+Zbjck3qJt/Ua2v t/c0Gdz1hWxv+vsPLUqtaY lcYmk9UqVlyZWJeSqmmDivx JEuzIBI/gRqCJMLI2PFrlLA DGwbqkOCw4BM2ocGjtg0VD A5xZTSJcwmJYJ/jEFHS1imL U4ZGbI3GKq22Q9aidbumF6g NOsWk7pIygVn2wG7YC7tnt+ yRvf9aqxnUaHvZp1nvaLlT iR1N5t/+VUmafex9qv707GM Xy4FXQd6dgGnfwujoGwcnL/ mV3Gxzjl2yJ/J/wVrsjm5g NV6NqyzPnSJKH6B+f+6foLi QVglnF5Or6fAr+jGFGczTey 9hFevIoEDnOjjGGc4jz8qE Mq0kOqlKJNSM40soqQ/sIY3 2</latexit><latexit sha 1_base64="0SI+HUq3Pmy84 /BeiQfT1CtFqLQ=">AAACb 3ichVHLSgMxFD0d3/XRqgsF QYpFsZuSEUFxJbhx2Yetgi1 lZow1dDIzzEwLWvwBP0AXL nyAiPgZbvwBF/0EcSUKblx4 Ox0QFfWGJCcn99ycJLpjCs9 nrBVRurp7evv6B6KDQ8Mjs fjoWNGz667BC4Zt2u6Wrnnc FBYv+MI3+Zbjck3qJt/Ua2v t/c0Gdz1hWxv+vsPLUqtaY lcYmk9UqVlyZWJeSqmmDivx JEuzIBI/gRqCJMLI2PFrlLA DGwbqkOCw4BM2ocGjtg0VD A5xZTSJcwmJYJ/jEFHS1imL U4ZGbI3GKq22Q9aidbumF6g NOsWk7pIygVn2wG7YC7tnt+ yRvf9aqxnUaHvZp1nvaLlT iR1N5t/+VUmafex9qv707GM Xy4FXQd6dgGnfwujoGwcnL/ mV3Gxzjl2yJ/J/wVrsjm5g NV6NqyzPnSJKH6B+f+6foLi QVglnF5Or6fAr+jGFGczTey 9hFevIoEDnOjjGGc4jz8qE Mq0kOqlKJNSM40soqQ/sIY3 2</latexit><latexit sha 1_base64="0SI+HUq3Pmy84 /BeiQfT1CtFqLQ=">AAACb 3ichVHLSgMxFD0d3/XRqgsF QYpFsZuSEUFxJbhx2Yetgi1 lZow1dDIzzEwLWvwBP0AXL nyAiPgZbvwBF/0EcSUKblx4 Ox0QFfWGJCcn99ycJLpjCs9 nrBVRurp7evv6B6KDQ8Mjs fjoWNGz667BC4Zt2u6Wrnnc FBYv+MI3+Zbjck3qJt/Ua2v t/c0Gdz1hWxv+vsPLUqtaY lcYmk9UqVlyZWJeSqmmDivx JEuzIBI/gRqCJMLI2PFrlLA DGwbqkOCw4BM2ocGjtg0VD A5xZTSJcwmJYJ/jEFHS1imL U4ZGbI3GKq22Q9aidbumF6g NOsWk7pIygVn2wG7YC7tnt+ yRvf9aqxnUaHvZp1nvaLlT iR1N5t/+VUmafex9qv707GM Xy4FXQd6dgGnfwujoGwcnL/ mV3Gxzjl2yJ/J/wVrsjm5g NV6NqyzPnSJKH6B+f+6foLi QVglnF5Or6fAr+jGFGczTey 9hFevIoEDnOjjGGc4jz8qE Mq0kOqlKJNSM40soqQ/sIY3 2</latexit><latexit sha 1_base64="0SI+HUq3Pmy84 /BeiQfT1CtFqLQ=">AAACb 3ichVHLSgMxFD0d3/XRqgsF QYpFsZuSEUFxJbhx2Yetgi1 lZow1dDIzzEwLWvwBP0AXL nyAiPgZbvwBF/0EcSUKblx4 Ox0QFfWGJCcn99ycJLpjCs9 nrBVRurp7evv6B6KDQ8Mjs fjoWNGz667BC4Zt2u6Wrnnc FBYv+MI3+Zbjck3qJt/Ua2v t/c0Gdz1hWxv+vsPLUqtaY lcYmk9UqVlyZWJeSqmmDivx JEuzIBI/gRqCJMLI2PFrlLA DGwbqkOCw4BM2ocGjtg0VD A5xZTSJcwmJYJ/jEFHS1imL U4ZGbI3GKq22Q9aidbumF6g NOsWk7pIygVn2wG7YC7tnt+ yRvf9aqxnUaHvZp1nvaLlT iR1N5t/+VUmafex9qv707GM Xy4FXQd6dgGnfwujoGwcnL/ mV3Gxzjl2yJ/J/wVrsjm5g NV6NqyzPnSJKH6B+f+6foLi QVglnF5Or6fAr+jGFGczTey 9hFevIoEDnOjjGGc4jz8qE Mq0kOqlKJNSM40soqQ/sIY3 2</latexit>
(mmm2)
<latexit sha1_base64="Y XK+W4iaDAF3v1hwPANQZfR1KGc=">AAACb3ichVHLSgMxF D0dX7W+qi4UBCkWpW5KpgiKq4Ibl9XaKliRmTHWwcnMMJ MWaukP+AG6cOEDRMTPcOMPuOgniCup4MaFt9MBUVFvSHJ ycs/NSaK7lulLxpoRpau7p7cv2h8bGBwaHomPjhV9p+IZv GA4luNt6ZrPLdPmBWlKi2+5HteEbvFN/XClvb9Z5Z5vOv aGrLl8R2hl29w3DU0SVaqXPJFICSEy843deJKlWRCJn0A NQRJh5Jz4DUrYgwMDFQhw2JCELWjwqW1DBYNL3A7qxHmEz GCfo4EYaSuUxSlDI/aQxjKttkPWpnW7ph+oDTrFou6RMo FZ9shuWYs9sDv2xN5/rVUParS91GjWO1ru7o4cT+bf/lUJ miUOPlV/epbYx1Lg1STvbsC0b2F09NWj01Z+eX22Pseu2 DP5v2RNdk83sKuvxvUaXz9DjD5A/f7cP0Exk1YJry0ks+ nwK6KYwgxS9N6LyGIVORToXBcnOMdF5EWZUKaVRCdViYSa cXwJZf4D7iON9w==</latexit><latexit sha1_base64="Y XK+W4iaDAF3v1hwPANQZfR1KGc=">AAACb3ichVHLSgMxF D0dX7W+qi4UBCkWpW5KpgiKq4Ibl9XaKliRmTHWwcnMMJ MWaukP+AG6cOEDRMTPcOMPuOgniCup4MaFt9MBUVFvSHJ ycs/NSaK7lulLxpoRpau7p7cv2h8bGBwaHomPjhV9p+IZv GA4luNt6ZrPLdPmBWlKi2+5HteEbvFN/XClvb9Z5Z5vOv aGrLl8R2hl29w3DU0SVaqXPJFICSEy843deJKlWRCJn0A NQRJh5Jz4DUrYgwMDFQhw2JCELWjwqW1DBYNL3A7qxHmEz GCfo4EYaSuUxSlDI/aQxjKttkPWpnW7ph+oDTrFou6RMo FZ9shuWYs9sDv2xN5/rVUParS91GjWO1ru7o4cT+bf/lUJ miUOPlV/epbYx1Lg1STvbsC0b2F09NWj01Z+eX22Pseu2 DP5v2RNdk83sKuvxvUaXz9DjD5A/f7cP0Exk1YJry0ks+ nwK6KYwgxS9N6LyGIVORToXBcnOMdF5EWZUKaVRCdViYSa cXwJZf4D7iON9w==</latexit><latexit sha1_base64="Y XK+W4iaDAF3v1hwPANQZfR1KGc=">AAACb3ichVHLSgMxF D0dX7W+qi4UBCkWpW5KpgiKq4Ibl9XaKliRmTHWwcnMMJ MWaukP+AG6cOEDRMTPcOMPuOgniCup4MaFt9MBUVFvSHJ ycs/NSaK7lulLxpoRpau7p7cv2h8bGBwaHomPjhV9p+IZv GA4luNt6ZrPLdPmBWlKi2+5HteEbvFN/XClvb9Z5Z5vOv aGrLl8R2hl29w3DU0SVaqXPJFICSEy843deJKlWRCJn0A NQRJh5Jz4DUrYgwMDFQhw2JCELWjwqW1DBYNL3A7qxHmEz GCfo4EYaSuUxSlDI/aQxjKttkPWpnW7ph+oDTrFou6RMo FZ9shuWYs9sDv2xN5/rVUParS91GjWO1ru7o4cT+bf/lUJ miUOPlV/epbYx1Lg1STvbsC0b2F09NWj01Z+eX22Pseu2 DP5v2RNdk83sKuvxvUaXz9DjD5A/f7cP0Exk1YJry0ks+ nwK6KYwgxS9N6LyGIVORToXBcnOMdF5EWZUKaVRCdViYSa cXwJZf4D7iON9w==</latexit><latexit sha1_base64="Y XK+W4iaDAF3v1hwPANQZfR1KGc=">AAACb3ichVHLSgMxF D0dX7W+qi4UBCkWpW5KpgiKq4Ibl9XaKliRmTHWwcnMMJ MWaukP+AG6cOEDRMTPcOMPuOgniCup4MaFt9MBUVFvSHJ ycs/NSaK7lulLxpoRpau7p7cv2h8bGBwaHomPjhV9p+IZv GA4luNt6ZrPLdPmBWlKi2+5HteEbvFN/XClvb9Z5Z5vOv aGrLl8R2hl29w3DU0SVaqXPJFICSEy843deJKlWRCJn0A NQRJh5Jz4DUrYgwMDFQhw2JCELWjwqW1DBYNL3A7qxHmEz GCfo4EYaSuUxSlDI/aQxjKttkPWpnW7ph+oDTrFou6RMo FZ9shuWYs9sDv2xN5/rVUParS91GjWO1ru7o4cT+bf/lUJ miUOPlV/epbYx1Lg1STvbsC0b2F09NWj01Z+eX22Pseu2 DP5v2RNdk83sKuvxvUaXz9DjD5A/f7cP0Exk1YJry0ks+ nwK6KYwgxS9N6LyGIVORToXBcnOMdF5EWZUKaVRCdViYSa cXwJZf4D7iON9w==</latexit>
(mmm3)
<latexit sha1_base64="zZEGGLrXSeG0qa8z4ArlJVyy 76w=">AAACb3ichVHLSsNAFD2N7/po1YWCIMFSqZsyUUFxJbhxaatVwYokcdShmSQkaaEGf8AP0IULHyAifoYbf8CFn yCuRMGNC2/TgKiod5iZM2fuuXNmxnAt4QeMPSSUlta29o7OrmR3T29fKt0/sOo7Vc/kJdOxHG/d0H1uCZuXAhFYfN3 1uC4Ni68ZlYXG/lqNe75w7JWg7vJNqe/aYkeYekBUOSx7Us1JKacmDrbSGZZnUag/gRaDDOJYctJXKGMbDkxUIcFhIy BsQYdPbQMaGFziNhES5xES0T7HAZKkrVIWpwyd2AqNu7TaiFmb1o2afqQ26RSLukdKFVl2z67ZC7tjN+yRvf9aK4xqN LzUaTaaWu5upQ6Hl9/+VUmaA+x9qv70HGAHs5FXQd7diGncwmzqa/vHL8tzxWw4zi7YE/k/Zw/slm5g117NywIvniBJ H6B9f+6fYHUyrxEuTGfm8/FXdGIEY8jRe89gHotYQonOdXGEU5wlnpUhZVRRm6lKItYM4ksoEx/wJY34</latexit><latexit sha1_base64="zZEGGLrXSeG0qa8z4ArlJVyy 76w=">AAACb3ichVHLSsNAFD2N7/po1YWCIMFSqZsyUUFxJbhxaatVwYokcdShmSQkaaEGf8AP0IULHyAifoYbf8CFn yCuRMGNC2/TgKiod5iZM2fuuXNmxnAt4QeMPSSUlta29o7OrmR3T29fKt0/sOo7Vc/kJdOxHG/d0H1uCZuXAhFYfN3 1uC4Ni68ZlYXG/lqNe75w7JWg7vJNqe/aYkeYekBUOSx7Us1JKacmDrbSGZZnUag/gRaDDOJYctJXKGMbDkxUIcFhIy BsQYdPbQMaGFziNhES5xES0T7HAZKkrVIWpwyd2AqNu7TaiFmb1o2afqQ26RSLukdKFVl2z67ZC7tjN+yRvf9aK4xqN LzUaTaaWu5upQ6Hl9/+VUmaA+x9qv70HGAHs5FXQd7diGncwmzqa/vHL8tzxWw4zi7YE/k/Zw/slm5g117NywIvniBJ H6B9f+6fYHUyrxEuTGfm8/FXdGIEY8jRe89gHotYQonOdXGEU5wlnpUhZVRRm6lKItYM4ksoEx/wJY34</latexit><latexit sha1_base64="zZEGGLrXSeG0qa8z4ArlJVyy 76w=">AAACb3ichVHLSsNAFD2N7/po1YWCIMFSqZsyUUFxJbhxaatVwYokcdShmSQkaaEGf8AP0IULHyAifoYbf8CFn yCuRMGNC2/TgKiod5iZM2fuuXNmxnAt4QeMPSSUlta29o7OrmR3T29fKt0/sOo7Vc/kJdOxHG/d0H1uCZuXAhFYfN3 1uC4Ni68ZlYXG/lqNe75w7JWg7vJNqe/aYkeYekBUOSx7Us1JKacmDrbSGZZnUag/gRaDDOJYctJXKGMbDkxUIcFhIy BsQYdPbQMaGFziNhES5xES0T7HAZKkrVIWpwyd2AqNu7TaiFmb1o2afqQ26RSLukdKFVl2z67ZC7tjN+yRvf9aK4xqN LzUaTaaWu5upQ6Hl9/+VUmaA+x9qv70HGAHs5FXQd7diGncwmzqa/vHL8tzxWw4zi7YE/k/Zw/slm5g117NywIvniBJ H6B9f+6fYHUyrxEuTGfm8/FXdGIEY8jRe89gHotYQonOdXGEU5wlnpUhZVRRm6lKItYM4ksoEx/wJY34</latexit><latexit sha1_base64="zZEGGLrXSeG0qa8z4ArlJVyy 76w=">AAACb3ichVHLSsNAFD2N7/po1YWCIMFSqZsyUUFxJbhxaatVwYokcdShmSQkaaEGf8AP0IULHyAifoYbf8CFn yCuRMGNC2/TgKiod5iZM2fuuXNmxnAt4QeMPSSUlta29o7OrmR3T29fKt0/sOo7Vc/kJdOxHG/d0H1uCZuXAhFYfN3 1uC4Ni68ZlYXG/lqNe75w7JWg7vJNqe/aYkeYekBUOSx7Us1JKacmDrbSGZZnUag/gRaDDOJYctJXKGMbDkxUIcFhIy BsQYdPbQMaGFziNhES5xES0T7HAZKkrVIWpwyd2AqNu7TaiFmb1o2afqQ26RSLukdKFVl2z67ZC7tjN+yRvf9aK4xqN LzUaTaaWu5upQ6Hl9/+VUmaA+x9qv70HGAHs5FXQd7diGncwmzqa/vHL8tzxWw4zi7YE/k/Zw/slm5g117NywIvniBJ H6B9f+6fYHUyrxEuTGfm8/FXdGIEY8jRe89gHotYQonOdXGEU5wlnpUhZVRRm6lKItYM4ksoEx/wJY34</latexit>
(mmm4)
<latexit sha1_base64="CSPZICI0GBw0OjxOyrtvgquO d7g=">AAACb3ichVHLSsNAFD2N7/qqulAQJFgquilTKSiuBDcubbUqtKUkcarBTBKSaaEGf8AP0IULHyAifoYbf8CFn yCuRMGNC2/TgGhR7zAzZ87cc+fMjO5api8Ze4wpHZ1d3T29ffH+gcGh4cTI6Kbv1DyDFwzHcrxtXfO5Zdq8IE1p8W3 X45rQLb6l768097fq3PNNx96QDZeXhbZrm1XT0CRRpaDkCXVWCJGdO6wkkizNwlDbQSYCSUSx5iSuUcIOHBioQYDDhi RsQYNPrYgMGFziygiI8wiZ4T7HIeKkrVEWpwyN2H0ad2lVjFib1s2afqg26BSLukdKFSn2wG7YK7tnt+yJffxaKwhrN L00aNZbWu5Who8m1t//VQmaJfa+VH96lqhiMfRqknc3ZJq3MFr6+sHJ6/pSPhXMsEv2TP4v2CO7oxvY9TfjKsfzp4jT B2R+Pnc72JxPZwjnssnldPQVvZjENGbpvRewjFWsoUDnujjGGc5jL8q4MqWorVQlFmnG8C2UuU/yJ435</latexit><latexit sha1_base64="CSPZICI0GBw0OjxOyrtvgquO d7g=">AAACb3ichVHLSsNAFD2N7/qqulAQJFgquilTKSiuBDcubbUqtKUkcarBTBKSaaEGf8AP0IULHyAifoYbf8CFn yCuRMGNC2/TgGhR7zAzZ87cc+fMjO5api8Ze4wpHZ1d3T29ffH+gcGh4cTI6Kbv1DyDFwzHcrxtXfO5Zdq8IE1p8W3 X45rQLb6l768097fq3PNNx96QDZeXhbZrm1XT0CRRpaDkCXVWCJGdO6wkkizNwlDbQSYCSUSx5iSuUcIOHBioQYDDhi RsQYNPrYgMGFziygiI8wiZ4T7HIeKkrVEWpwyN2H0ad2lVjFib1s2afqg26BSLukdKFSn2wG7YK7tnt+yJffxaKwhrN L00aNZbWu5Who8m1t//VQmaJfa+VH96lqhiMfRqknc3ZJq3MFr6+sHJ6/pSPhXMsEv2TP4v2CO7oxvY9TfjKsfzp4jT B2R+Pnc72JxPZwjnssnldPQVvZjENGbpvRewjFWsoUDnujjGGc5jL8q4MqWorVQlFmnG8C2UuU/yJ435</latexit><latexit sha1_base64="CSPZICI0GBw0OjxOyrtvgquO d7g=">AAACb3ichVHLSsNAFD2N7/qqulAQJFgquilTKSiuBDcubbUqtKUkcarBTBKSaaEGf8AP0IULHyAifoYbf8CFn yCuRMGNC2/TgGhR7zAzZ87cc+fMjO5api8Ze4wpHZ1d3T29ffH+gcGh4cTI6Kbv1DyDFwzHcrxtXfO5Zdq8IE1p8W3 X45rQLb6l768097fq3PNNx96QDZeXhbZrm1XT0CRRpaDkCXVWCJGdO6wkkizNwlDbQSYCSUSx5iSuUcIOHBioQYDDhi RsQYNPrYgMGFziygiI8wiZ4T7HIeKkrVEWpwyN2H0ad2lVjFib1s2afqg26BSLukdKFSn2wG7YK7tnt+yJffxaKwhrN L00aNZbWu5Who8m1t//VQmaJfa+VH96lqhiMfRqknc3ZJq3MFr6+sHJ6/pSPhXMsEv2TP4v2CO7oxvY9TfjKsfzp4jT B2R+Pnc72JxPZwjnssnldPQVvZjENGbpvRewjFWsoUDnujjGGc5jL8q4MqWorVQlFmnG8C2UuU/yJ435</latexit><latexit sha1_base64="CSPZICI0GBw0OjxOyrtvgquO d7g=">AAACb3ichVHLSsNAFD2N7/qqulAQJFgquilTKSiuBDcubbUqtKUkcarBTBKSaaEGf8AP0IULHyAifoYbf8CFn yCuRMGNC2/TgGhR7zAzZ87cc+fMjO5api8Ze4wpHZ1d3T29ffH+gcGh4cTI6Kbv1DyDFwzHcrxtXfO5Zdq8IE1p8W3 X45rQLb6l768097fq3PNNx96QDZeXhbZrm1XT0CRRpaDkCXVWCJGdO6wkkizNwlDbQSYCSUSx5iSuUcIOHBioQYDDhi RsQYNPrYgMGFziygiI8wiZ4T7HIeKkrVEWpwyN2H0ad2lVjFib1s2afqg26BSLukdKFSn2wG7YK7tnt+yJffxaKwhrN L00aNZbWu5Who8m1t//VQmaJfa+VH96lqhiMfRqknc3ZJq3MFr6+sHJ6/pSPhXMsEv2TP4v2CO7oxvY9TfjKsfzp4jT B2R+Pnc72JxPZwjnssnldPQVvZjENGbpvRewjFWsoUDnujjGGc5jL8q4MqWorVQlFmnG8C2UuU/yJ435</latexit>
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FIG. 18. Feynman diagrams found in two u (d) mesons scattering experiments. The first row shows the meson-meson-meson-
meson vertices. The second row shows the meson-meson-meson vertices, and the third row shows the meson-baryon-baryon
vertices.
(mmmm2) are exchanged by the F transformation, while those labelled by (mmm1) and (mmm3) are related by the
T transformation. All the diagrams in Fig. 18 are invariant under the P transformation.
E. u¯u-u¯u collisions with impact parameters
The final process for the u¯u-u¯u collisions are scatterings with impact parameters. The initial mesons are placed
at (x˜1, x˜2) = (±b˜, 50). First, we horizontally shift the initial mesons of Fig. 6 by b˜ = 2.5 as shown in Fig. 19. The
scattering goes almost similarly to the head-on collision shown in Fig. 6 except for a scattering angle. As can be seen
in the panel of t˜ = 100 of Fig. 19, the new mesons created after the recombination are not vertical but diagonal.
As is naturally expected, the scattering angle gets smaller as the impact parameter becomes larger. Fig. 20
shows a scattering with impact parameter b˜ = 5. Namely, the two mesons are not initially overlapped horizontally.
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FIG. 19. Meson-meson scattering (u¯u-u¯u) with an impact parameter. Initially, the two mesons are placed at (x˜1, x˜2) = (b˜, 50),
and (−b˜, 50) with the impact parameter b˜ = 2.5. We show the snap shots with t˜ = 50 ∼ 150 with interval δt˜ = 10. The panel
at the right-bottom corner is a sequence photograph. The plot region is x˜1,2 ∈ [−40, 40].
Nevertheless, the recombination occurs during the collision, and the mesons collide with a negative scattering angle.
If we put the initial mesons with a larger impact parameter, they pass through almost without interactions. Fig. 21
shows the scattering with the impact parameter b˜ = 7.5. The mesons go almost straight with a negative but small scat-
tering angle. This suggests that the asymptotic meson-meson interaction is attractive. We summarize the scatterings
with impact parameters b˜ = 0, 2.5, 5 and 7.5 in Fig. 22.
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FIG. 20. Meson-meson scattering (u¯u-u¯u) with an impact parameter. Initially, the two mesons are placed at (x˜1, x˜2) = (±b˜, 50)
with the impact parameter b˜ = 5. We show the snapshots with t˜ = 50 ∼ 150 with interval δt˜ = 10. The panel at the
right-bottom corner is a sequence photograph. The plot region is x˜1,2 ∈ [−40, 40].
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FIG. 21. Meson-meson scattering (u¯u-u¯u) with an impact parameter. Initially, the two mesons are placed at (x˜1, x˜2) = (±b˜, 50)
with the impact parameter b˜ = 7.5. We show the snapshots with t˜ = 50 ∼ 150 with interval δt˜ = 10. The panel at the
right-bottom corner is a sequence photograph. The plot region is x˜1,2 ∈ [−40, 40].
FIG. 22. The orbits of centers of the mesons during the meson-meson scatterings with the impact parameters b˜ = 0, 2.5, 5, and
7.5 corresponding to Figs. 6, 19, 20, and 21. The plotted region is x˜i ∈ [−40, 40].
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IV. MESON-MESON SCATTERING: THE CASE OF u¯u-d¯d
A. u¯u-d¯d head-on collision at 0 angle
Let us next study scatterings of a u meson and a d meson. We first collide the two mesons head-on. The initial
configuration is prepared by superposing a u meson at (x˜1, x˜2) = (0, 50) and the d meson at (x˜1, x˜2) = (0,−50)
[precisely speaking, we put a u vortex at (x˜1, x˜2) = (5, 50) and a u¯ vortex at (x˜1, x˜2) = (−5, 50), and a d vortex at
(x˜1, x˜2) = (−5,−50) and a d¯ vortex at (x˜1, x˜2) = (5,−50)]. The outlook of the scattering is shown in Fig. 23, which
one might think is not so interesting compared to the u¯u-u¯u head-on collision given in Fig. 5. Indeed, the two mesons
um-dm
FIG. 23. The u and d meson scattering: Color density plots of the relative phase arg(Ψ1) − arg(Ψ2). We initially (t˜ = 0) set
the u meson at (x˜1, x˜2) = (0, 50), and the d meson at (x˜1, x˜2) = (0,−50). They straightly run with almost constant speeds and
pass through each other without an interaction. We show the snapshots from t˜ = 40 to 150 with interval δt˜ = 10, and the plot
region is x˜1,2 ∈ [−40, 40].
seem to pass through without an interaction, see Figs. 23 and 24. This observation is true if we look at only the
vortices. However, it is not true for the SG solitons. As can be seen from Fig. 23, this scattering can be understood
as a collision of one SG soliton (belonging to the u meson) and the other SG soliton (belonging to the d meson). This
can be seen by noting that the color orders along the x˜2-axis are the same for the u and d mesons. This situation is
in contract to the meson-meson scattering in Fig. 5 in which the same spices involve the SG and anti-SG solitons.
To see a nontrivial phenomenon in this scattering, let us carefully observe the period of passing. Fig. 25 shows
snapshots in close-up at t˜ = 97.5, 100, 102.5, 105. While the u and d¯ (d and u¯) vortices pass through each other, the
SG solitons largely bend toward the opposite direction compared to Fig. 7 due to repulsive interaction between the SG
solitons. Thus, distance between two SG solitons at the center of mesons never vanish, and the SG solitons backscatter.
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FIG. 24. A simplified plot of the u meson and d meson scattering shown in Fig. 23. We put painted red disks (unpainted red
circle) at the points corresponding to the u (u¯) vortex centers. Similarly, we put painted blue disks (unpainted blue circle)
at the points corresponding to the d (d¯) vortex centers. Gray regions bridging the u and u¯ vortices (d and d¯) show the SG
solitons. The gray regions are those where the relative phases take the values within 3 ≤ | arg(Ψ1)− arg(Ψ2)| ≤ pi.
Fig. 26 shows the relative phase arg(Ψ1)− arg(Ψ2) on the x˜2 axis. Throughout the scattering, there always exist two
SG solitons (jumps from −pi → pi). Since they are topologically protected, they cannot be annihilated. This is the
reason why their distance does not vanish and they backscatter.
Thus, we found that the SG solitons backscatter whereas the vortices at the ends of mesons pass through. Along
with this observation, we conclude that the mesons interchange the SG solitons before and after the head-on collision.
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FIG. 25. Snapshots in close-up for x˜i ∈ [−15, 15] at t˜ = 97.5, 100, 102.5, 105 for the u meson and d meson scattering given
in Figs. 23 and 24. The SG solitons from the top and bottom gradually bend as they are close by and backscatter, whereas
the vortices at the ends of the mesons pass through each other. Namely, the mesons interchange the SG solitons during the
collision.
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FIG. 26. The solid blue curve shows the relative phase arg(Ψ1)− arg(Ψ2) along the x˜2-axis of Fig. 23. The SG solitons coming
from the right and left-hand sides collide and scatter backward. Throughout the scattering, the SG winding number (= 2) is
preserved.
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B. u¯u-d¯d scattering at pi/8 angle
The collision of the u and d mesons studied in the previous section is not so interesting in the sense that it does
not include recombination phenomena which commonly occurs for the u and u meson scatterings. To see if the
recombination is peculiar to the u and u meson scattering only or it is general for most scatterings, let us investigate
the collision of the u and d mesons with angles here and in the next subsection.
Fig. 27 shows the outlook of the head-on collision of the u and d mesons with angle pi/8. Compared to Fig. 9, the
lower u¯u meson is replaced by d¯d. At a first glance, the mesons seem to mere pass through each other, just as the
um-dm
FIG. 27. Scattering of the slightly tilted u and d mesons with angle pi/8. We initially (t˜ = 0) set the u meson at (x˜1, x˜2) =
(50 sinpi/8, 50 cospi/8), and the d meson at (x˜1, x˜2) = (50 sinpi/8,−50 cospi/8). We only show the snapshots from t˜ = 40 to 150
with interval δt˜ = 10, and the plot region is x˜1,2 ∈ [−40, 40].
previous scattering in Fig. 23. However, it is not such trivial. Since the mesons are tilted, there is a certain period
that the u-vortex at the lower edge of the u meson and the d¯-vortex at the upper edge of the d meson exchange their
positions, while the remaining constituent vortices are left to be unchanged, see the snapshot at t˜ = 100 of Fig. 28.
Soon after, the second passing of the remaining u¯ and d vortices follows, see the snapshot at t˜ = 110 of Fig. 28. The
interchange of constituent vortices is accompanied by the recombination of the SG solitons. The period between the
first and the second recombinations, the molecules are not u and d mesons but the baryon ud and anti-baryon u¯d¯.
Indeed, the SG solitons bridge the u and d vortices (u¯ and d¯ vortices) in the snapshot at t˜ = 100 of Fig. 28.
Thus, the simulation here implies that the recombination can happen universally not only for the mesons of the
same spices but also for the different spices. We have not observed the recombination in Fig. 23, just because the two
mesons are finely tuned to be exactly parallel.
Let us cut out the period with created baryons and see their motion in more details. Fig. 29 shows snapshots in
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FIG. 28. A simplified plot of the u mesons scattering shown in Fig. 27.
recombination1 recombination2
FIG. 29. Snapshots in close-up for x˜i ∈ [−15, 15] at t˜ = 97.5, 100, 102.5, 105, 107.5 for the u meson and d meson scattering
given in Figs. 27 and 28. The mesons are converted into the baryon and anti-baryon pair for a short period.
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close-up for x˜i ∈ [−15, 15] at t˜ = 97.5, 100, 102.5, 105, and 107.5. The baryon (anti-baryon) formed after the first
recombination rotates counterclockwise (clockwise) until they are reformulated back into the mesons. During the
period with baryons, they almost do not run. As a consequence, the meson orbits before and after the collision
slightly shift due to delay of forming baryons.
C. u¯u-d¯d scattering at pi/4 angle
The observations in the previous subsection can be more sharply seen in the scattering of the u and d mesons with
larger angle; we take pi/4 here as an example. Fig. 30 shows an outlook of the scattering process. Qualitatively, it goes
very similarly to that with the angle pi/8 given in Fig. 28. Namely, the incoming u and d mesons are converted to the
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recombination1 recombination2
FIG. 30. Scattering of the tilted u and d mesons with angle pi/4. We initially (t˜ = 0) set the u meson at (x˜1, x˜2) =
(50 sinpi/4, 50 cospi/4), and the d meson at (x˜1, x˜2) = (50 sinpi/4,−50 cospi/4). We only show the snapshots from t˜ = 40 to 150
with interval δt˜ = 10, and the plot region is x˜1,2 ∈ [−40, 40].
intermediate baryon and anti-baryon pair at the first recombination. The baryons rotate at their position without run
for a while. Then they are reformed back into the mesons at the second recombination and run straight toward the
boundary. The baryonic period in this scattering is longer than the previous one because of the steeper angle of the
incoming mesons. Comparing Figs. 29 and 31, the baryonic period is t˜ ' 97.5-105 for the former while t˜ ' 95-107.5
for the latter. A longer lifetime of the baryonic period makes the rotation of the baryons clearer to be seen.
As mentioned above, the conversion of mesons to baryon and anti-baryon results in delay of the straight orbits of
the incoming and outgoing mesons. In order to see the delay clearer, we show sequence photographs for the u and
d meson scatterings with pi/8 and pi/4 angles in Fig. 32. One can see the orbits of the constituent vortices steeply
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FIG. 31. Snapshots in close-up for x˜i ∈ [−15, 15] at t˜ = 92.5, 95, 97.5, 100, 102.5, 105, 107.5, 110 for the u meson and d meson
scattering given in Fig. 30.
bend at the timing of recombinations. Since vertical motions of the vortices in Fig. 32 are simple shift with almost
constant speed, we can approximately regard the vertical axis as the time. Then the horizontal motions would remind
us a phase shift which commonly appears in soliton scatterings or particle scattering. The phase shift in our system
is due to the formation of unstable intermediate baryonic states with finite life time. It is interesting that a phase
shift common for scattering is observed here, although the mechanism is peculiar to our system and has never been
seen elsewhere.
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FIG. 32. Sequence photographs for the u and d meson scatterings with pi/8 and pi/4 angles given in Figs. 28 and 30.
D. Interaction vertices and Feynman diagrams
As in the u and u mesons scattering, we can describe the u and d mesons scattering by the Feynman diagram. The
diagram for Fig. 32 is a 1-loop diagram given in Fig. 33 (a). It includes meson-meson-baryon-baryon vertices which
are shown in Fig. 33 (b) and (c). They are invariant under the F and P transformations while they are exchanged
by the T transformation. Hence, no more diagrams are generated by the symmetries.
Related to these meson-meson-baryon-baryon vertices, we observed in our previous work Ref. [16] that a long meson
disintegrates into three short molecules as
u¯u → ud + d¯d + d¯u¯. (22)
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<latexit sha1_base64="KSJKmrc8nczf2yXIQvgp8rnvVzE=">AAACbHichVG7SgNBFD1ZXzG+4qMQghAMijYyK4JiJdp Y5mFMREV211EH98XuJBAXf8DWwkItFETEz7DxByzyCSLYKNhYeLNZEBX1DjNz5sw9d87M6K4pfMlYPaa0tLa1d8Q7E13dPb19yf6BVd+peAYvGo7peGVd87kpbF6UQpq87Hpcs3STl/T9pcZ+qco9Xzj2iqy5fNPSdm2xIwxNErUWbHhWekKfPNxKZtgUC yP9E6gRyCCKrJO8xga24cBABRY4bEjCJjT41NahgsElbhMBcR4hEe5zHCJB2gplccrQiN2ncZdW6xFr07pR0w/VBp1iUvdImcYYe2A37IXds1v2yN5/rRWENRpeajTrTS13t/qOhgtv/6osmiX2PlV/epbYwVzoVZB3N2QatzCa+urByUthPj8WjLNL9k T+L1id3dEN7OqrcZXj+VMk6APU78/9E6xOT6mEczOZhcXoK+JIYRQT9N6zWMAysijSuRaOcYbz2LMypKSUkWaqEos0g/gSyvgHSv2M1g==</latexit><latexit sha1_base64="KSJKmrc8nczf2yXIQvgp8rnvVzE=">AAACbHichVG7SgNBFD1ZXzG+4qMQghAMijYyK4JiJdp Y5mFMREV211EH98XuJBAXf8DWwkItFETEz7DxByzyCSLYKNhYeLNZEBX1DjNz5sw9d87M6K4pfMlYPaa0tLa1d8Q7E13dPb19yf6BVd+peAYvGo7peGVd87kpbF6UQpq87Hpcs3STl/T9pcZ+qco9Xzj2iqy5fNPSdm2xIwxNErUWbHhWekKfPNxKZtgUC yP9E6gRyCCKrJO8xga24cBABRY4bEjCJjT41NahgsElbhMBcR4hEe5zHCJB2gplccrQiN2ncZdW6xFr07pR0w/VBp1iUvdImcYYe2A37IXds1v2yN5/rRWENRpeajTrTS13t/qOhgtv/6osmiX2PlV/epbYwVzoVZB3N2QatzCa+urByUthPj8WjLNL9k T+L1id3dEN7OqrcZXj+VMk6APU78/9E6xOT6mEczOZhcXoK+JIYRQT9N6zWMAysijSuRaOcYbz2LMypKSUkWaqEos0g/gSyvgHSv2M1g==</latexit><latexit sha1_base64="KSJKmrc8nczf2yXIQvgp8rnvVzE=">AAACbHichVG7SgNBFD1ZXzG+4qMQghAMijYyK4JiJdp Y5mFMREV211EH98XuJBAXf8DWwkItFETEz7DxByzyCSLYKNhYeLNZEBX1DjNz5sw9d87M6K4pfMlYPaa0tLa1d8Q7E13dPb19yf6BVd+peAYvGo7peGVd87kpbF6UQpq87Hpcs3STl/T9pcZ+qco9Xzj2iqy5fNPSdm2xIwxNErUWbHhWekKfPNxKZtgUC yP9E6gRyCCKrJO8xga24cBABRY4bEjCJjT41NahgsElbhMBcR4hEe5zHCJB2gplccrQiN2ncZdW6xFr07pR0w/VBp1iUvdImcYYe2A37IXds1v2yN5/rRWENRpeajTrTS13t/qOhgtv/6osmiX2PlV/epbYwVzoVZB3N2QatzCa+urByUthPj8WjLNL9k T+L1id3dEN7OqrcZXj+VMk6APU78/9E6xOT6mEczOZhcXoK+JIYRQT9N6zWMAysijSuRaOcYbz2LMypKSUkWaqEos0g/gSyvgHSv2M1g==</latexit><latexit sha1_base64="KSJKmrc8nczf2yXIQvgp8rnvVzE=">AAACbHichVG7SgNBFD1ZXzG+4qMQghAMijYyK4JiJdp Y5mFMREV211EH98XuJBAXf8DWwkItFETEz7DxByzyCSLYKNhYeLNZEBX1DjNz5sw9d87M6K4pfMlYPaa0tLa1d8Q7E13dPb19yf6BVd+peAYvGo7peGVd87kpbF6UQpq87Hpcs3STl/T9pcZ+qco9Xzj2iqy5fNPSdm2xIwxNErUWbHhWekKfPNxKZtgUC yP9E6gRyCCKrJO8xga24cBABRY4bEjCJjT41NahgsElbhMBcR4hEe5zHCJB2gplccrQiN2ncZdW6xFr07pR0w/VBp1iUvdImcYYe2A37IXds1v2yN5/rRWENRpeajTrTS13t/qOhgtv/6osmiX2PlV/epbYwVzoVZB3N2QatzCa+urByUthPj8WjLNL9k T+L1id3dEN7OqrcZXj+VMk6APU78/9E6xOT6mEczOZhcXoK+JIYRQT9N6zWMAysijSuRaOcYbz2LMypKSUkWaqEos0g/gSyvgHSv2M1g==</latexit>
(a)
<latexit sha1_base64="F1cOaRDl21HkOOWnE/PZBQjeun Y=">AAACbHichVG7SgNBFD1ZXzG+4qMQghAMijYyK4JiJdpY5mFMREV211EH98XuJBAXf8DWwkItFETEz7DxByzyCSLYKNh YeLNZEBX1DjNz5sw9d87M6K4pfMlYPaa0tLa1d8Q7E13dPb19yf6BVd+peAYvGo7peGVd87kpbF6UQpq87Hpcs3STl/T9p cZ+qco9Xzj2iqy5fNPSdm2xIwxNErUWbHhWekKbPNxKZtgUCyP9E6gRyCCKrJO8xga24cBABRY4bEjCJjT41NahgsElbhMB cR4hEe5zHCJB2gplccrQiN2ncZdW6xFr07pR0w/VBp1iUvdImcYYe2A37IXds1v2yN5/rRWENRpeajTrTS13t/qOhgtv/6o smiX2PlV/epbYwVzoVZB3N2QatzCa+urByUthPj8WjLNL9kT+L1id3dEN7OqrcZXj+VMk6APU78/9E6xOT6mEczOZhcXoK+ JIYRQT9N6zWMAysijSuRaOcYbz2LMypKSUkWaqEos0g/gSyvgHSPuM1Q==</latexit><latexit sha1_base64="F1cOaRDl21HkOOWnE/PZBQjeun Y=">AAACbHichVG7SgNBFD1ZXzG+4qMQghAMijYyK4JiJdpY5mFMREV211EH98XuJBAXf8DWwkItFETEz7DxByzyCSLYKNh YeLNZEBX1DjNz5sw9d87M6K4pfMlYPaa0tLa1d8Q7E13dPb19yf6BVd+peAYvGo7peGVd87kpbF6UQpq87Hpcs3STl/T9p cZ+qco9Xzj2iqy5fNPSdm2xIwxNErUWbHhWekKbPNxKZtgUCyP9E6gRyCCKrJO8xga24cBABRY4bEjCJjT41NahgsElbhMB cR4hEe5zHCJB2gplccrQiN2ncZdW6xFr07pR0w/VBp1iUvdImcYYe2A37IXds1v2yN5/rRWENRpeajTrTS13t/qOhgtv/6o smiX2PlV/epbYwVzoVZB3N2QatzCa+urByUthPj8WjLNL9kT+L1id3dEN7OqrcZXj+VMk6APU78/9E6xOT6mEczOZhcXoK+ JIYRQT9N6zWMAysijSuRaOcYbz2LMypKSUkWaqEos0g/gSyvgHSPuM1Q==</latexit><latexit sha1_base64="F1cOaRDl21HkOOWnE/PZBQjeun Y=">AAACbHichVG7SgNBFD1ZXzG+4qMQghAMijYyK4JiJdpY5mFMREV211EH98XuJBAXf8DWwkItFETEz7DxByzyCSLYKNh YeLNZEBX1DjNz5sw9d87M6K4pfMlYPaa0tLa1d8Q7E13dPb19yf6BVd+peAYvGo7peGVd87kpbF6UQpq87Hpcs3STl/T9p cZ+qco9Xzj2iqy5fNPSdm2xIwxNErUWbHhWekKbPNxKZtgUCyP9E6gRyCCKrJO8xga24cBABRY4bEjCJjT41NahgsElbhMB cR4hEe5zHCJB2gplccrQiN2ncZdW6xFr07pR0w/VBp1iUvdImcYYe2A37IXds1v2yN5/rRWENRpeajTrTS13t/qOhgtv/6o smiX2PlV/epbYwVzoVZB3N2QatzCa+urByUthPj8WjLNL9kT+L1id3dEN7OqrcZXj+VMk6APU78/9E6xOT6mEczOZhcXoK+ JIYRQT9N6zWMAysijSuRaOcYbz2LMypKSUkWaqEos0g/gSyvgHSPuM1Q==</latexit><latexit sha1_base64="F1cOaRDl21HkOOWnE/PZBQjeun Y=">AAACbHichVG7SgNBFD1ZXzG+4qMQghAMijYyK4JiJdpY5mFMREV211EH98XuJBAXf8DWwkItFETEz7DxByzyCSLYKNh YeLNZEBX1DjNz5sw9d87M6K4pfMlYPaa0tLa1d8Q7E13dPb19yf6BVd+peAYvGo7peGVd87kpbF6UQpq87Hpcs3STl/T9p cZ+qco9Xzj2iqy5fNPSdm2xIwxNErUWbHhWekKbPNxKZtgUCyP9E6gRyCCKrJO8xga24cBABRY4bEjCJjT41NahgsElbhMB cR4hEe5zHCJB2gplccrQiN2ncZdW6xFr07pR0w/VBp1iUvdImcYYe2A37IXds1v2yN5/rRWENRpeajTrTS13t/qOhgtv/6o smiX2PlV/epbYwVzoVZB3N2QatzCa+urByUthPj8WjLNL9kT+L1id3dEN7OqrcZXj+VMk6APU78/9E6xOT6mEczOZhcXoK+ JIYRQT9N6zWMAysijSuRaOcYbz2LMypKSUkWaqEos0g/gSyvgHSPuM1Q==</latexit>
(c)
<latexit sha1_base64="dwz+mrW43yEtN3DHC5XR3F9Pjgo=">AAACbHichVG7SgNBFD1ZXzE+Eh+FEIRgiGgTJiIoVkE bS02MD1Rkdx3jkH2xOwnEkB+wtbBQCwUR8TNs/AGLfIIINgo2Ft5sFkSDeoeZOXPmnjtnZjTHEJ5krBFSOjq7unvCvZG+/oHBaGxoeN2zy67OC7pt2O6mpnrcEBYvSCENvum4XDU1g29opaXm/kaFu56wrTVZdfiuqRYtcSB0VRK1VdtxzcSUPl3fiyVZm vmRaAeZACQRxIodu8EO9mFDRxkmOCxIwgZUeNS2kQGDQ9wuasS5hIS/z1FHhLRlyuKUoRJborFIq+2AtWjdrOn5ap1OMai7pEwgxR7ZLXtlD+yOPbGPX2vV/BpNL1WatZaWO3vR47H8+78qk2aJwy/Vn54lDjDvexXk3fGZ5i30lr5ydPqaX8ilapPsij 2T/0vWYPd0A6vypl+v8twZIvQBmZ/P3Q7WZ9IZwquzyexi8BVhxDGBKXrvOWSxjBUU6FwTJzjHRehFGVXiyngrVQkFmhF8C2XyE0z/jNc=</latexit><latexit sha1_base64="dwz+mrW43yEtN3DHC5XR3F9Pjgo=">AAACbHichVG7SgNBFD1ZXzE+Eh+FEIRgiGgTJiIoVkE bS02MD1Rkdx3jkH2xOwnEkB+wtbBQCwUR8TNs/AGLfIIINgo2Ft5sFkSDeoeZOXPmnjtnZjTHEJ5krBFSOjq7unvCvZG+/oHBaGxoeN2zy67OC7pt2O6mpnrcEBYvSCENvum4XDU1g29opaXm/kaFu56wrTVZdfiuqRYtcSB0VRK1VdtxzcSUPl3fiyVZm vmRaAeZACQRxIodu8EO9mFDRxkmOCxIwgZUeNS2kQGDQ9wuasS5hIS/z1FHhLRlyuKUoRJborFIq+2AtWjdrOn5ap1OMai7pEwgxR7ZLXtlD+yOPbGPX2vV/BpNL1WatZaWO3vR47H8+78qk2aJwy/Vn54lDjDvexXk3fGZ5i30lr5ydPqaX8ilapPsij 2T/0vWYPd0A6vypl+v8twZIvQBmZ/P3Q7WZ9IZwquzyexi8BVhxDGBKXrvOWSxjBUU6FwTJzjHRehFGVXiyngrVQkFmhF8C2XyE0z/jNc=</latexit><latexit sha1_base64="dwz+mrW43yEtN3DHC5XR3F9Pjgo=">AAACbHichVG7SgNBFD1ZXzE+Eh+FEIRgiGgTJiIoVkE bS02MD1Rkdx3jkH2xOwnEkB+wtbBQCwUR8TNs/AGLfIIINgo2Ft5sFkSDeoeZOXPmnjtnZjTHEJ5krBFSOjq7unvCvZG+/oHBaGxoeN2zy67OC7pt2O6mpnrcEBYvSCENvum4XDU1g29opaXm/kaFu56wrTVZdfiuqRYtcSB0VRK1VdtxzcSUPl3fiyVZm vmRaAeZACQRxIodu8EO9mFDRxkmOCxIwgZUeNS2kQGDQ9wuasS5hIS/z1FHhLRlyuKUoRJborFIq+2AtWjdrOn5ap1OMai7pEwgxR7ZLXtlD+yOPbGPX2vV/BpNL1WatZaWO3vR47H8+78qk2aJwy/Vn54lDjDvexXk3fGZ5i30lr5ydPqaX8ilapPsij 2T/0vWYPd0A6vypl+v8twZIvQBmZ/P3Q7WZ9IZwquzyexi8BVhxDGBKXrvOWSxjBUU6FwTJzjHRehFGVXiyngrVQkFmhF8C2XyE0z/jNc=</latexit><latexit sha1_base64="dwz+mrW43yEtN3DHC5XR3F9Pjgo=">AAACbHichVG7SgNBFD1ZXzE+Eh+FEIRgiGgTJiIoVkE bS02MD1Rkdx3jkH2xOwnEkB+wtbBQCwUR8TNs/AGLfIIINgo2Ft5sFkSDeoeZOXPmnjtnZjTHEJ5krBFSOjq7unvCvZG+/oHBaGxoeN2zy67OC7pt2O6mpnrcEBYvSCENvum4XDU1g29opaXm/kaFu56wrTVZdfiuqRYtcSB0VRK1VdtxzcSUPl3fiyVZm vmRaAeZACQRxIodu8EO9mFDRxkmOCxIwgZUeNS2kQGDQ9wuasS5hIS/z1FHhLRlyuKUoRJborFIq+2AtWjdrOn5ap1OMai7pEwgxR7ZLXtlD+yOPbGPX2vV/BpNL1WatZaWO3vR47H8+78qk2aJwy/Vn54lDjDvexXk3fGZ5i30lr5ydPqaX8ilapPsij 2T/0vWYPd0A6vypl+v8twZIvQBmZ/P3Q7WZ9IZwquzyexi8BVhxDGBKXrvOWSxjBUU6FwTJzjHRehFGVXiyngrVQkFmhF8C2XyE0z/jNc=</latexit>
FIG. 33. (a) the Feynman diagram corresponding to the real processes in Fig. 30. (b) and (c) shows the meson-meson-baryon-
baryon vertices which are building blocks of the twig diagram (a).
The Feynman diagrams corresponding to this and other related diagrams via the F , T , and P symmetries are given in
Fig. 34. Interestingly, these diagrams can be generated by horizontally flipping an external leg of the diagrams (b) and
(c) of Fig. 33. In a usual relativistic quantum field theory, the presence of the vertex (b) of Fig. 33 immediately means
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FIG. 34. The meson-meson-baryon-baryon vertices correspond to and relate to a long meson disintegration into a baryon, an
anti baryon, and a meson.
that the vertex of the left-most panel of Fig. 34 also exists as either a real or virtual process. However, our theory
here is not relativistic, and moreover we are dealing with only real processes which are solution of the GP equations.
Therefore, for our system, the vertex (b) of Fig. 33 does not automatically ensure the vertex of the left-most panel
of Fig. 34. We should emphasize that we put the four diagrams of Fig. 34 in our list of the real processes because
we found them in real dynamics. To make contrast clearer, let us mention another process which we previously
encountered in Refs. [14, 16]:
ud → ud + d¯u¯ + ud. (23)
The corresponding Feynman diagram and the other diagrams obtained via the F , T , and P transformations are given
in Fig. 35. By flipping the out-going external ud leg of the left-most diagram in Fig. 35, we can generate the diagram
du
u
u
d
d
d
u
u
d
d
u
u
d
u
d
u
d
d
u
u
d
u
d
d
u
u
d
d
u
du
FIG. 35. The baryon-baryon-baryon-baryon vertices correspond to and relate to a long baryon disintegration into two baryons
and one anti-baryon.
shown in the left panel of Fig. 36. However, a real process corresponding to this diagram does not seem to happen.
This is because a baryon ud and an anti baryon u¯d¯ are a pair of the integer vortex and anti-vortex, so that they move
28
parallel with their distance being kept constant, as can be seen in the right panel of Fig. 36. Hence, we have learned
that we cannot freely flip any external legs of a vertex from left (right) to right (left).
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FIG. 36. The baryon-baryon-baryon-baryon vertices correspond to and relate to a long baryon disintegration into two baryons
and an anti baryon.
E. u¯u-d¯d collisions with impact parameters
To make our study self-contained, let us repeat the same simulations for u¯u and d¯d, as those for u¯u and u¯u in
Sec. III E. Namely, we study the u and d mesons collisions with the impact parameter b˜. As counterparts of Figs. 19,
20, and 21, we do the same simulations by replacing the lower u¯u meson with the d¯d. The results are shown in
Figs. 37, 38, and 39. Comparing Figs. 21 and 39, it tuns out that the asymptotic interaction between the u and d
mesons are much smaller than the one between the u and u mesons. Therefore, we see that the contact interaction
dominates for the former.
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uu
FIG. 37. Initial configuration is the same as that in Fig. 19 except for the fact that the lower meson is not u¯u but d¯d. The plot
region is x˜i ∈ [−40, 40] and b˜ = 2.5.
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FIG. 38. Initial configuration is the same as that in Fig. 20 except for the fact that the lower meson is not u¯u but d¯d. The plot
region is x˜i ∈ [−40, 40] and b˜ = 5.
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FIG. 39. Initial configuration is the same as that in Fig. 21 except for the fact that the lower meson is not u¯u but d¯d. The plot
region is x˜i ∈ [−40, 40] and b˜ = 7.5.
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V. BARYON-MESON SCATTERING
Our final vortical collider simulations are scatterings of a meson and a baryon. Since baryons do not run but rotate,
we put a baryon at the origin as a target. Then, we put an incoming meson sufficiently far from the target baryon, and
they collide quite similar to usual collider experiments. As expected, details of the scatterings sensitively depend on
the timings of collision, namely geometric information such as relative positions and angles of the baryon and meson.
It is impossible to simulate all cases, and so we introduce two typical scatterings which illustrate general features.
In addition, we exhibit one more example which has a special phenomenon, a jet, which remind us hadron collider
experiments.
A. Typical collisions
In this subsection, we exhibit two scattering simulations whose initial configurations are given in Fig. 40 (a) and
(b). For both, we put the same meson as the one given in Fig. 4 at (x˜1, x˜2) = (50, 0). Similarly, the same baryon as
the one given in Fig. 4 is located at the origin. The meson runs toward the target baryon rotating at the origin. The
difference between Fig. 40 (a) and (b) is that the initial angles of the target baryon are different by 180 degree, so
that relative positions of the meson and baryon at the moment of collision are different.
(a)
<latexit sha 1_base64="Uq0Wh2lCyphdm /+7+rxmMXoen6U=">AAACbH ichVG7SgNBFD1Z3/GR+CiE IASDok2YiKBYBWwsEzU+SEL YXSdxyL7YnQQ05AdsLSzUQk FE/Awbf8AinyCCjYKNhTebB VFR7zAzZ87cc+fMjOYYwpOM tUJKV3dPb1//QHhwaHgkEh0 d2/LsmqvznG4btrujqR43h MVzUkiD7zguV03N4NtadbW9 v13nridsa1MeOLxoqhVLlIW uSqJ2GwXXjM+p881SNMGSzI /4T5AKQAJBZOzoNQrYgw0dN ZjgsCAJG1DhUcsjBQaHuCIa xLmEhL/P0USYtDXK4pShEl ulsUKrfMBatG7X9Hy1TqcY1 F1SxjHDHtgNe2H37JY9svdf azX8Gm0vBzRrHS13SpGjyY2 3f1UmzRL7n6o/PUuUsex7Fe Td8Zn2LfSOvn548rKxsj7T mGWX7In8X7AWu6MbWPVX/Sr L108Rpg9IfX/un2BrIZkinF 1MpJPBV/QjhmnM0XsvIY01Z JCjc00c4wznoWdlQokpU51U JRRoxvEllNkPQveMwQ==</l atexit><latexit sha 1_base64="Uq0Wh2lCyphdm /+7+rxmMXoen6U=">AAACbH ichVG7SgNBFD1Z3/GR+CiE IASDok2YiKBYBWwsEzU+SEL YXSdxyL7YnQQ05AdsLSzUQk FE/Awbf8AinyCCjYKNhTebB VFR7zAzZ87cc+fMjOYYwpOM tUJKV3dPb1//QHhwaHgkEh0 d2/LsmqvznG4btrujqR43h MVzUkiD7zguV03N4NtadbW9 v13nridsa1MeOLxoqhVLlIW uSqJ2GwXXjM+p881SNMGSzI /4T5AKQAJBZOzoNQrYgw0dN ZjgsCAJG1DhUcsjBQaHuCIa xLmEhL/P0USYtDXK4pShEl ulsUKrfMBatG7X9Hy1TqcY1 F1SxjHDHtgNe2H37JY9svdf azX8Gm0vBzRrHS13SpGjyY2 3f1UmzRL7n6o/PUuUsex7Fe Td8Zn2LfSOvn548rKxsj7T mGWX7In8X7AWu6MbWPVX/Sr L108Rpg9IfX/un2BrIZkinF 1MpJPBV/QjhmnM0XsvIY01Z JCjc00c4wznoWdlQokpU51U JRRoxvEllNkPQveMwQ==</l atexit><latexit sha 1_base64="Uq0Wh2lCyphdm /+7+rxmMXoen6U=">AAACbH ichVG7SgNBFD1Z3/GR+CiE IASDok2YiKBYBWwsEzU+SEL YXSdxyL7YnQQ05AdsLSzUQk FE/Awbf8AinyCCjYKNhTebB VFR7zAzZ87cc+fMjOYYwpOM tUJKV3dPb1//QHhwaHgkEh0 d2/LsmqvznG4btrujqR43h MVzUkiD7zguV03N4NtadbW9 v13nridsa1MeOLxoqhVLlIW uSqJ2GwXXjM+p881SNMGSzI /4T5AKQAJBZOzoNQrYgw0dN ZjgsCAJG1DhUcsjBQaHuCIa xLmEhL/P0USYtDXK4pShEl ulsUKrfMBatG7X9Hy1TqcY1 F1SxjHDHtgNe2H37JY9svdf azX8Gm0vBzRrHS13SpGjyY2 3f1UmzRL7n6o/PUuUsex7Fe Td8Zn2LfSOvn548rKxsj7T mGWX7In8X7AWu6MbWPVX/Sr L108Rpg9IfX/un2BrIZkinF 1MpJPBV/QjhmnM0XsvIY01Z JCjc00c4wznoWdlQokpU51U JRRoxvEllNkPQveMwQ==</l atexit><latexit sha 1_base64="Uq0Wh2lCyphdm /+7+rxmMXoen6U=">AAACbH ichVG7SgNBFD1Z3/GR+CiE IASDok2YiKBYBWwsEzU+SEL YXSdxyL7YnQQ05AdsLSzUQk FE/Awbf8AinyCCjYKNhTebB VFR7zAzZ87cc+fMjOYYwpOM tUJKV3dPb1//QHhwaHgkEh0 d2/LsmqvznG4btrujqR43h MVzUkiD7zguV03N4NtadbW9 v13nridsa1MeOLxoqhVLlIW uSqJ2GwXXjM+p881SNMGSzI /4T5AKQAJBZOzoNQrYgw0dN ZjgsCAJG1DhUcsjBQaHuCIa xLmEhL/P0USYtDXK4pShEl ulsUKrfMBatG7X9Hy1TqcY1 F1SxjHDHtgNe2H37JY9svdf azX8Gm0vBzRrHS13SpGjyY2 3f1UmzRL7n6o/PUuUsex7Fe Td8Zn2LfSOvn548rKxsj7T mGWX7In8X7AWu6MbWPVX/Sr L108Rpg9IfX/un2BrIZkinF 1MpJPBV/QjhmnM0XsvIY01Z JCjc00c4wznoWdlQokpU51U JRRoxvEllNkPQveMwQ==</l atexit>
(b)
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FIG. 40. The three initial configurations for a u meson and a baryon (ud) scattering. The displayed region is x˜i ∈ [−60, 60].
The meson is placed at (x˜1, x˜2) = (50, 0) and the target baryon is at the origin.
In Fig. 41, the scattering from the initial configuration in Fig. 40 (a) is shown. The u meson approaches the rotating
target baryon and they collide. After the collision, a u meson runs toward a direction with a scattering angle about
45 degree while the baryon is left near the origin. Thus, what happens is just u¯u + ud → u¯u + ud, and one might
find nothing interesting for this process. However, as the case of the meson-meson scatterings, it is not so simple. One
of nontrivial phenomena is the recombination before and after the collision. As can be seen in the panels with the
time stamps t˜ = 90 and 100, the meson and baryon exchange the u constituent vortices. Therefore, both the meson
and baryon after the collision are different from those before the collision. If we express the initial meson as u¯1u1 and
the initial baryon as u2d, the process can be summarized as the following vortical reaction
u¯1u1 + u2d → u¯2u1 + u1d. (24)
To see this better, let us carefully look at the collision period. Fig. 42 shows snapshots in close-up for x˜i ∈ [−15, 15]
around the collision. We find that the snapshots are qualitatively the same as those given in Fig. 7 for the u¯u-u¯u
scattering. As before, the recombination takes place together with partial annihilation of the SG and anti-SG solitons.
The other scattering from the initial configuration Fig. 40 (b) is also shown in Fig. 43. The scattering goes almost
the same as the previous one. The u meson collides with the target baryon, and a u meson is scattered while a baryon
is left near the origin. The scattering angle is now about −45 degree. The difference of the scattering angles is just
due to the relative position and angle of the meson and baryon at the moment of the collision. Similarly to the first
simulation, the meson and baryon experience the recombination once during the collision. Therefore, the vortical
reaction is the same as Eq. (24). Nevertheless, detail dynamical processes of the recombination are not same. To see
the difference clearer, let us zoom in on the collision moment shown in Fig. 44. On contrary to the previous case, the
collision is accompanied not by the SG and anti-SG solitons but the SG and SG solitons. Hence, the recombination
here is very similar to what we saw in Fig. 25 for the u¯u and d¯d meson scattering. Since the two SG solitons repel
each other, they cannot be close. Only one set of the edges of the meson and baryon come across to exchange u¯1
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FIG. 41. The scattering of the meson u¯1u1 and the baryon u2d with the initial configuration given in Fig. 40 (a). The collision
accompanies the recombination at about t˜ = 90. The outgoing meson is u¯1u2 and the new baryon u1d is left near the origin.
We show the snapshots from t˜ = 40 to 150 with interval δt˜ = 10, and the plot region is x˜1,2 ∈ [−40, 40].
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FIG. 42. Snap shots of Fig. 41 in close-up for x˜i ∈ [−15, 15] at t˜ = 87.5, 90, 92.5, 95 are shown.
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FIG. 43. The scattering of the meson u¯1u1 and the baryon u2d with the initial configuration given in Fig. 40 (b). The collision
accompanies the recombination at about t˜ = 90. The outgoing meson is u¯1u2 and the new baryon u1d is left near the origin.
We show the snapshots from t˜ = 40 to 150 with interval δt˜ = 10, and the plot region is x˜1,2 ∈ [−40, 40].
of u¯1u1 and d of u2d. Then, a new meson u¯1u2 goes away and a new baryon u1d remains near the origin and keep
rotating. We have examined lots of collisions with various initial configuration, and have found that all of them are
qualitatively the same.
B. A vortical hadron jet
In high energy physics, when hadrons collide with sufficiently high energy, they fragment into quarks or gluons.
However, obeying the color confinement in QCD, no color charged objects can exist alone. Therefore, these fragments
create new colored particles around them to form color neutral objects, namely hadrons. A bunch of the hadrons
form a narrow beam which is called a hadron jet. Since our vortices also obey the U(1)R confinement in BECs, which
we have seen quite similar to QCD, we expect that a hadron jet would be observed also in BECs.
Running speed of a vortical meson is determined by length of the meson. Namely, we cannot freely change the
running speed of mesons unlike relativistic particles in reality. As shorter the meson is, faster it runs. However, there
is a threshold of the minimum length of the meson over which mesons are unstable to be annihilated. Therefore, we
cannot give a large kinetic energy to mesons. Hence, it is not easy to set up a simulation with ultra high colliding
energy in BECs. Indeed, as we have seen in the previous subsections so far, the typical scatterings do not yield any
additional new hadrons. Then we change our strategy: instead of taking a shorter meson, we take a longer meson.
Thus, we prepare the third initial configuration given in Fig. 40 (c) in which the baryon is the same as the one of
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FIG. 44. Snap shots of Fig. 43 in close-up for x˜i ∈ [−15, 15] at t˜ = 87.5, 90, 92.5, 95 are shown.
Fig. 40 (a) but the meson is longer. It is in Fig. 45 how the collision of a longer meson and normal baryon occurs.
Since the longer meson runs slower, it takes more time to reach the target baryon at the origin. Thus, compared with
Fig. 41, the baryon rotates slightly more so that the relative angle between the meson and baryon is also slightly
different. However, the first reaction is not affected by such a small difference. Namely, the meson and baryon
again experience the recombination accompanied by a partial annihilation of the SG and anti-SG solitons. While the
corresponding vortical reaction process is the same as Eq. (24), the details of the collision are shown in Fig. 46. As
before, a relatively short meson u¯1u2 and a relatively long baryon u1d1 form during the collision, The former flies
away with a smaller scattering angle. The latter baryon is very long and bended. Then it soon disintegrates into
smaller hadrons. Indeed, it fragments by creating a d2 and d¯2 in a certain point middle of the longer baryon. As a
consequence, the third hadron, d¯1d2 is emitted toward the similar direction of the first meson u¯1u2. We interpret the
new hadron which appears as a result of fragmentation of the confining SG soliton a vortical hadron jet, though the
jet consists of only two mesons u¯1u2 and d¯2d1. The vortical reaction for it is
d1u1 → d¯2d1 + u1d2. (25)
The third meson d¯2d1 is very short. So it crawls under waves of Ψi for a while and soon emerges again, see the panels
with t˜ = 130 and 140 of Fig. 45.
C. The Feynman diagrams
We have found the two new vortical reactions summarized in Eqs. (24) and (25) through the meson-baryon scatter-
ings. They can also be described by Feynman diagrams as before. The corresponding diagrams are a meson-meson-
baryon-baryon vertex and a meson-meson-baryon vertex shown in Fig. 47. The former vertex is new in a sense that
any of the discrete symmetries F , T , and P cannot relate it to any of the previous diagrams shown so far. Although
the latter vertex has not also been encountered yet, it can be obtained by flipping an external leg of the vertex (mbb4)
of Fig. 18. However, as mentioned before, the presence (mbb4) of Fig. 18 as a real process does not immediately mean
that the vertex (b) of Fig. 47 indeed occurs as a real processes. Thus, we again put our emphasis on that we include
the vertex (b) of Fig. 47 into our diagram list because of the fact that we have found it in the simulation.
VI. A CONNECTION TO THE CONFINEMENT PROBLEM IN PARTICLE PHYSICS
So far, we have investigated the topological objects in non-relativistic two component BECs in 2+1 dimensions. At
glance, these seem to be very far from relativistic particle physics in 3+1 dimensions. Nevertheless, the terminology
(u, d, meson, baryon, and so on) and the description by Feynman diagrams borrowed from QCD are surprisingly fit
BECs. Although a precise connection between QCD and BECs is not clear at all, let us try to give some hints for
unveiling it along with the observations by Son and Stephanov in Ref. [8].
36
u1
u1
u2
u1
u1u2
u1
u1
u2
recombination
u2
u1
d1
d1 d1
d1
d2
d2
u1
u1 u1
d1
u1
d2
u2 d2
u1 d1
u2
u1
d2
pair creation pair annihilation pair creation
u1
d2
u2 d2
FIG. 45. The scattering of the meson u¯1u1 and the baryon u2d with the initial configuration given in Fig. 40 (c). The collision
accompanies the recombination, pair creation, and pair annihilation. A new meson d¯2d1 is emitted, which we interpret a
vortical hadron jet. We show the snapshots from t˜ = 40 to 150 with interval δt˜ = 10, and the plot region is x˜1,2 ∈ [−40, 40].
The key ingredient is a duality. The vortices are particle-like topological defects in 2 + 1 dimensions, and they are
not elementary constituents of the original models. Nevertheless, it is known that a duality sometimes interchanges
the defects and elementary constituents. A classic example is the duality between sine-Gordon solitons and fermions
in the massive Thirring model in 1 + 1 dimensions [39, 40]. Another simplest example more relevant to this paper is
particle-vortex duality between the XY -model and the Abelian-Higgs model in 2 + 1 dimensions [41, 42], which gives
insights for understanding fractional quantum Hall effect [43]. In the particle physics context, the dualities have been
expected to be one of the powerful tools for us to understand much better non-perturbative dynamics in strongly
coupled systems.
On the other hand, one of the most important unsolved problems in modern high energy physics is the confinement of
colors in QCD. The quarks and gluons are elementary constituents of QCD, but we cannot observe them at low energy
since they are strongly confined to form hadrons. Widely accepted picture of the confinement is that chromo-electric
flux from a quark is squeezed to form a flux tube. Then, interaction energy between (anti-)quarks is proportional to
the distance: it is confinement. Though this picture of confinement is quite plausible, it is merely qualitative. Indeed,
it is very difficult to prove analytically whether it occurs or not in real QCD. Then, instead of QCD, many studies
have been done for QCD-like theories. A brilliant milestone was put by Seiberg and Witten in supersymmetric SU(2)
Yang-Mills theory [44, 45]. They analytically showed condensation of the magnetic monopole at low energy ground
state indeed takes place.
Another, rather old back in 70s, important remark was made by Polyakov [46]. He considered a compact U(1)
gauge theory in 2+1 dimensions which can be obtained as a low energy effective theory of the Georgi-Glashow model
with SU(2) gauge field coupled to an adjoint scalar field φa (a = 1, 2, 3). In the ground state, the adjoint scalar
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FIG. 46. Snapshots of Fig. 45 in close-up for x˜i ∈ [−15, 15] from t˜ = 100 to 117.5 with interval δt˜ = 2.5 are shown.
field develops a non-zero vacuum expectation value φa = (0, 0, v), and it breaks SU(2) to its diagonal compact U(1)
subgroup. After integrating all the massive fields, we are left with a free massless photon of the compact U(1) group
at low energy. Since the photon has only one polarization in three dimensions, it can be dualized to a periodic scalar
field ϑ ∈ [0, 2pi), so-called dual photon which is related to the original U(1) gauge field Aµ by
Fµν =
e2
4pi
εµνρ∂
ρϑ, Fµν = ∂µAν − ∂νAµ, (26)
with µ, ν = 0, 1, 2 and e is a U(1) gauge coupling constant. Under the duality relation, electric charges in the original
theory are interchanged by vortices in the dual theory as
ϑ(z) =
∑
a
qaIm log(z − za) (27)
with z = x + iy. Here, za are positions of vortices and qa = ±1 are their charges. The dual photon is massless in
perturbation theory but it gets mass by non-perturbative instanton (’t Hooft-Polyakov type monopole) effects in the
Georgi-Glashow model. In the weakly coupled region, the instantons interact with the Coulomb force and behave as
a dilute plasma. Then the Debye screening effect gives a non-zero mass to the dual photon, which can be summarized
in the following low energy effective theory [46–49]
Leff = e
2
32pi2
∂µϑ∂
µϑ+ cξη3 cosϑ, (28)
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FIG. 47. (a) meson-meson-baryon-baryon vertex corresponding to the real process for Eq. (24). (b) meson-meson-baryon vertex
corresponds to the real process for Eq. (25).
with c being an undetermined parameter. The dimension full parameter η is related to the mass MW of the massive
gauge bosons as η3 = M
7/2
W /e. The so-called monopole fugacity ξ is exponentially small as ξ = exp
(− 2piMWe2 ) where
 is a function of the ratio of MW and the Higgs mass Mφ, which is known to be of order one. From Eq. (28), the
dual photon mass reads
M2ϑ =
16pi2cη3ξ
e2
. (29)
The non-perturbative instanton effects is responsible for another important phenomenon, the charge confinement.
Putting a prove charge in the Georgi-Glashow model corresponds to putting a vortex in the dual theory as ϑ =
Im log z = θ (z = reiθ). When we go around the vortex, ϑ passes a potential peak once at θ = pi. Namely, a semi-
infinite domain wall attaches at the vortex, and it corresponds to the confining string attached to the prove charge in
the original picture. This is standard understanding of the confinement in the compact QED in 2+1 dimensions.
Now we are in a position to observe a relation between the dual theory (28) and the Gross-Pitaevskii equations (1)
of the 2 component BECs. The Lagrangian for Eq. (1) is given by
LGP =
∑
i
[
− i~
2
(
ΨiΨ˙
∗
i − Ψ˙iΨ∗i
)
− ~
2
2m
|∇Ψi|2 + µi|Ψi|2 − gi
2
|Ψi|4
]
− g12|Ψ1Ψ2|2 − VR, (30)
with VR = −~ω (Ψ1Ψ∗2 + Ψ∗1Ψ2). Then we truncate this by substituting the expression of the condensates Ψi =
(v + ri)e
iθi into Eq. (30) and by integrating out the amplitude modes ri [8, 16]:
L˜GP = L˜S + L˜R, (31)
with
L˜S = ~
2
g + g12
θ˙2S −
~2v2
m
(∇θS)2, (32)
L˜R = ~
2
g − g12 θ˙
2
R −
~2v2
m
(∇θR)2 + 2~ωv2 cos 2θR, (33)
where we have ignored constants and dealt with the Rabi term perturbatively. Here θS = (θ1 + θ2)/2 is a phonon and
θR = (θ1 − θ2)/2 is known as the Leggett mode or phason. Note that the potential term in Eq. (33) is identical to
VR given in Eq. (16). Now, we would like to identify Leff in Eq. (28) with L˜R in Eq. (33). This can be achieved by
making a correspondence as
ϑ ⇔ 2θR, (34)
e2
8pi2
⇔ ~
2
g − g12 , (35)
cξη3 ⇔ 2~ωv2, (36)
and we have rescaled the spatial coordinate as x˜i =
√
m
(g−g12)v2 xi in Eq. (33).
The presence of the additional massless scalar field θS is a crucial difference between the Polyakov’s dual theory
(28) and the low energy effective theory of the BECs in (31). We envisage a gauge theory whose gauge symmetry
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is broken like U(1)S × SU(2) → U(1)S × U(1)R as an electric dual of the two-component BECs. Thanks to the
additional θS , we have two different species of the vortices, namely u- and d-vortices, and we can deal with not only
the mesonic molecules but also the baryonic molecules unlike the original Polyakov’s model. Furthermore, we would
like to emphasize that one of the nicest virtue of the two-component BECs is accessibility to dynamical aspect of the
confining phenomena as we have shown above.
Having these duality pictures in our minds, we ask ourself again what physical meaning of the Feynman diagrams
is. Although we have no rigorous arguments, the classical diagrams of the u- and d-vortices would correspond to
quantum Feynman diagrams of the elementary particles of the dual theory. For example, the classical 1-loop diagram
in Fig. 33 seems to be mapped onto the quantum 1-loop diagram in the dual theory. If we could compute a quantum
quantity from dynamics of some classical topological defects in very different theory, it is interesting. We have no
further observations pushing the idea forward, so we leave it as an open question at this moment.
Finally, as a possible clue for pinning down the connection between particle physics and two-component BECs,
let us briefly mention the Okubo-Zweig-Iizuka (OZI) rule [32–34] which is a phenomenological rule of QCD found in
1960s [35]. The OZI rule explains the narrow decay width of the vector meson. Kinematically, the decay φ(s¯s) →
pi+(d¯u) + pi0(d¯d) + pi−(u¯d) dominates the other decay process φ(s¯s)→ K+(s¯u) +K−(u¯s) because the phase space of
the former process is much lager than the latter. Nevertheless, the process φ → 3pi is highly suppressed relative to
φ → K+K−. The OZI rule in QCD is a phenomenological postulation that diagrams with disconnected quark lines
are suppressed relative to connected ones. It seems natural for us to ask whether a similar rule holds for hadronic
molecules in two-component BECs or not. In order to answer this question, let us consider decay of a u¯u mesonic
molecule, and verify if the diagrams given in Fig. 48 are observed or not. Throughout this work, we have met the decay
d
d
u
u
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d
d
d
d
d
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u
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d
FIG. 48. Disconnected diagrams for u¯u decay.
diagrams of u¯u three times. The first and the second ones are given in Fig. 18 (mmm3) and (mbb1), respectively. The
third one is the left-most diagram of Fig. 34. None of them are disconnected diagrams. Moreover, not only these three
diagrams but also all the diagrams we encountered so far are connected diagrams. Thus, we have found an empirical
rule that diagrams with disconnected vortex lines are highly suppressed relative to connected ones. Namely, the OZI
rule seems to hold even in BECs. The OZI rule in QCD is explained as follows. Disconnected quark lines are indeed
connected by internal gluon lines. High momentum transfer by the gluons makes the QCD coupling constant small,
so that such channels are highly suppressed. Thus, the QCD OZI rules is a consequence of a quantum effect. On the
other hand, the dynamics of vortical hadrons in BECs essentially obeyed the classical GP equations. We expect that
a counterpart of the gluon is the classical wave functions Ψi, and the classical OZI rule in BECs corresponds to the
quantum OZI rule in QCD via a duality. As we repeated, we do not have a precise connection between QCD and
BECs. This is an open question.
VII. SUMMARY AND DISCUSSION
In this work, we have investigated dynamics of the vortex molecules in two-component BECs by numerically
solving the Gross-Pitaevskii equations (1). This paper is on the line of the previous works [8, 14, 16] focusing on
the confinement property of fractional vortices by the SG solitons. While the dynamical property of an individual
molecule, such as precession and disintegration, were figured out in Refs. [14, 16], here we have studied the scattering
and collision of molecules. Our numerical studies are twofolds: the meson-meson scattering and the meson-baryon
scattering.2
2 For both the simulations, the non-relativistic nature of the GP equations is crucial since it ensures that the molecule size is kept to be
finite and constant even though the constituent vortices are pulled by the SG soliton. In relativistic models, this cannot happen because
the molecules soon shrink. Especially, it is very difficult to prepare mesonic molecules which soon decay into radiations. Cost we have
to pay is that both the precession speed of a baryonic molecule and the translation speed of a mesonic molecule are determined by
the molecule size [16], but we can, nevertheless, make use of such dynamical properties (the precession of baryons and the translation
of mesons) for planning scattering experiments of the mesons and baryons. Indeed, our numerical simulations provide quite rich and
interesting results as we have described above in details.
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In Sec. III, we have dealt with the meson-meson scattering of the same spices (u¯u-u¯u). Firstly, we have demon-
strated three simulations of the head-on collisions (zero impact parameter) by varying the incident angles, which
are summarized in Fig. 14. We have found that the mesons collide involving the vortical reaction given in Eq. (20).
Namely, the constituent vortices swap the partners. We also showed that the recombination can be understood as a
collision of the SG and anti-SG solitons, and the swapping is nothing but the pair annihilation and creation of the
confining SG solitons as can be seen in Fig. 7. Of course, the details of the final states sensitively depend on the
initial incident angles. The simulation with the initial relative angle pi happens to show the right angle scattering
of the two mesons, which is very common among relativistic topological solitons. On the other hand, the scattering
with smaller angle pi/2 exhibits more complicated out-going state involving the pair creation of a new meson and a
subsequent pair annihilation of the original meson. In principle, there are thousands of different scatterings depending
on the model parameters, initial configurations, and so on. Clearly, solving numerically the GP equations for each
time is not a good strategy. To avoid such infinitely high cost surveys and to get efficient outlook, we developed a
useful description by using the Feynman diagrams. A fractional vortex corresponds to a line with an arrow toward
the time direction whereas an anti-fractional vortex is expressed by a line with an arrow opposite to the time direc-
tion. The elementary vertices found through the meson-meson scatterings with an aid of time reversal and the party
transformations are summarized in Fig. 18. These are building blocks of the real scattering processes. We also have
studied the meson-meson scatterings with non-zero impact parameters. It is found that the scattering angles depend
on the impact parameter: the smaller impact parameter is, the lager the scattering angle is. As increasing the impact
parameter, the scattering angle reduces and it crosses zero and becomes negative. Then, it asymptotically becomes
zero as the impact parameter is taken to be infinity.
In Sec. IV, we have turned to studying the meson-meson scattering of the different spices (u¯u-d¯d). We have repeated
the numerical simulations similar to those in Sec. III. The head-on collision with the 0 relative angle seems to be
boring at glance: the two mesons just pass through, see Fig. 24. However, we have found that the scattering of the
two SG solitons occurs. They bounce off, and the molecules interchange the SG solitons before and after the collision.
The head-on collisions with the smaller relative angles are more interesting. We have found that the incoming u and d
mesons are converted to the intermediate baryon and anti-baryon pair during the collision. The intermediate baryons
rotate, and then they are reformed back into the mesons at the second recombination. Forming the intermediate
baryonic state results in the shift of the outgoing line from the ingoing one, see Fig. 32. As before, we have described
the numerical simulations by using the Feynman diagrams, and divided them into the elementary vertices. The newly
found vertices are shown in Figs. 33. In addition, we also have put the new vertices in Figs. 34 and 35, corresponding
to the disintegrations of the meson and baryon found in Refs. [14, 16]. We also have studied the scatterings with
non-zero impact parameters but the results are not so dramatic as those for the mesons of the same spices.
In Sec. V, we have studied the meson-baryon scatterings (u¯u and ud). We have injected the meson toward the
baryon staying at the origin. A variety of the scatterings arises from the difference of the relative angles of the
two molecules at the collisions. We have examined two initial configurations (the molecules are initially parallel and
anti-parallel) given in the left-most and the middle panels of Fig. 40. We have found that there are no qualitatively
large differences between the two cases. In the both cases, the meson and baryon swap their constituent u vortices,
and the new meson goes out while the new baryon stays at slightly shifted point from the original baryon point.
Much more interesting thing happens when we scatter a longer meson to the baryon. The typical initial configuration
is given in the right-most panel of Fig. 40, and the scattering goes as shown in Fig. 45. The recombination takes
place also in this case, so that a longer and kink bend baryon is formed at first stage. However, such a long and
bent molecule is unstable and soon disintegrates into a set of shorter meson and baryon. As a result, the final state
includes larger number of molecules than the prepared one. This somehow resembles what happens in real Hadron
collider experiments. When we collide two hadrons in a Hadron collider with sufficiently large energy, thousands of
hadrons come out as a hadron jet. Although our final state consists of only a few hadrons, we exaggeratedly call it a
vortical hadron jet in the VHC (vortical hadron collider) experiment. It is surprising to us that the simple classical
system (1) include such rich phenomena somehow common to QCD which needs highly quantum regimes.
In Sec. VI, we have made supplementary comments to make a connection between QCD and BECs clearer. We
have compared the Polyakov’s dual photon model in 2 + 1 dimensions to the low energy effective theory based on
the two-component BECs. We have seen the latter is an extension of the former, and so we expect the confinement
of the u- and d-vortices studied here would shed some lights to the confinement of the elementary particles. A good
advantage using the BECs is that we can easily access to dynamical aspects of the confinement which is in general
difficult. As a related topic, we also have pointed out that the similar rule to the OZI rule in QCD seems to hold in
the BECs.
To close this paper, let us list what we have not done in this work. All numerical analysis in this paper have been
done under the condition (2). Therefore, the u- and d-vortices have the same masses. The dynamics of the hadronic
molecules for generic cases will be surely more complicated, but they might be more similar to QCD since the quarks
have different masses in nature. Furthermore, we considered the model with two condensates. It is the reason why
41
we have two different spices, the u- and d-vortices. If we include three or more condensates, we can consider hadrons
consisting of more than two constituent vortices [23, 24]. It would be especially interesting to study molecules such
as a proton like molecule uud and a neutron like molecule udd to simulate situations closer to QCD. It might be
also interesting to take into account the vortical hadrons at finite temperature and/or density. In QCD, there exist
several phases such as quark gluon plasma and color superconducting phase. Exploring the phase diagram of the
vortex matter in BEC would shed some light on the phase diagram of real QCD, see Ref. [50] for vortices in color
superconductors in QCD.
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